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Basic Structures

A set 1s an unordered collection of objects.

The objects 1n a set are called the elements, or
members, of the set. A set 1s said to contain its
elements.

S={a,b,cd}

We write a € S to denote that a 1s an element of
the set S. The notation e &€ S denotes that e 1s not
an element of the set S.
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The set O of odd positive integers less than 10
can be expressed by O = {1, 3,5,7,9}.

The set of positive integers less than 100 can be
denoted by {1, 2, 3, ... ,99}.

ellipses (...)

Another way to describe a set 1s to use set
builder notation.

The set O of odd positive integers less than 10
can be expressed by O = {1, 3,5,7,9}.

O = {x | x is an odd positive integer less than 10},

O={x€eZ"|xis odd and x < 10}.
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{0, 1, 2,3, ...}, the set of all natural numbers
{...,—2,-1,0,1, 2, ...}, the set of all integers
77 =1{1,2,3,...}, the set of all positive integers
Q={p/q|lp€Z q€Zandq#0},

the set of all rational numbers
R, the set of all real numbers
R, the set of all positive real numbers
C, the set of all complex numbers.

N
Z

Interval Notation

Closed interval [a, b]
Open interval  (a, b)

la,b] = {x|a < x < b}
la,b) = {x|a < x < b}
(a,b] = {x|a < x < b}
(a,b) = {x|a < x < b}
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If A and B are sets, then A and B are equal if and only if
Vx(x A< x €B). We write A=B, if A and B are
equal sets.

* Thesets {1,3,5}and {3,5, 1} are equal, because
they have the same elements.

- {1,3,3,5,5,5}is the same as the set
{1, 3,5} because they have the same elements.

Empty Set

There is a special set that has no elements. This set is
called the empty set, or null set, and is denoted by @.

The empty set can also be denoted by { }
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Cardinalty

CAREERS 360

Cardinal Number
Of Some Sets

n(AUB) = n(A)+n(B)-n(ANB)

The number of elements in a set is called the cardinality of a set. For
example, let A ={h, i, j, k, I}. Then the cardinality of set A is denoted by n
(A). There are 5 elements in set A. Son (A) = 5.

Cardinality

The cardinality is the number of distinct elements in S.
The cardinality of S is denoted by |S].
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Examplel

S={a,b,cd}
S| =4

A=1{1,23,79)

O=1{}

Example2

S = {a, b,c,d, {2}}

|IS| =5
A=1{1,2,3,{2,3},9}
|Al =5

@}=U}p

o} =1

If two or more sets are combined using the operations on sets, using
the formula based on the cardinality of sets, we can calculate the
cardinality.
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Formulas based on the cardinality of sets are given below.
1. Let A and B be finite sets and (ANB) # ¢, then
n(AUB) = n(A) + n(B) — n(ANB). U denotes union and N denotes intersection.

To find the cardinality of AUB, we subtract the number of common elements of A and B
from the sum of the cardinality of A and B.

2. If the sets A and B are disjoint sets (A and B do not have any common
elements), n (ANB) =0

n(AUB) = n(A) + n(B).

problem: In a group of 30 students, 18 teach English (E) and 7 teach both
English and Spanish (S). How many teach Spanish?.

Given n( EU S) = 30.
n(E) = 18.
nENS)="7.

Formula: n (EUS) =n(E) + N(S) —n(EN S).

Solution: 30 =18 + n(S) -7
30 =11 +n(S)
n(S)=30-11=19

Problem: In a party of 45 people, each one likes tea or coffee or both. 35 people
like tea and 20 people like coffee. Find the number of people who

like both tea and coffee.

Answer = 10.
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Example 1:

In a college, there are 25 teachers who teach physics or mathematics. Of
these, 15 teach physics, and 6 teach both physics and mathematics. How
many teach mathematics?

Solution:

Let A denotes the number of teachers who teach physics, and B denotes
the number of teachers who teach mathematics.

Total number of teachers who teach physics or math, n (AUB) = 25

Number of physics teachers, n (A) = 15

Number of teachers who teach both mathematics and physics, n (ANB) =6
n(AUB) =n (A) +n (B) — n (ANB)

=>25=15+n(B)-6

=>n(B) = 16

Exercises:
1. (i) If n(A) = 25, n(B) = 40, n(AUB) = 50, find n(ANB) .
(i) If n(A) = 300, n(AUB) = 500, n(ANB) = 50, find n(B) .



Prepared by Assist. Prof. Imad Matti

Infinite

A set is said to be infinite if it is not finite.
The set of positive integers is infinite.

Zt =1{1,2,3,..}

Subset

The set A is said to be a subset of B if and only if
every element of A is also an element of B .

We use the notation A € B to indicate that
A is a subset of the set B .

(AcB)=(B24)

ACB © Vx(x€A—->x€BRB)

10
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Subset

For every set S,
()PCSS and (i)S CS.

To show that two sets 4 and B are equal, show that
A € Band B C A.

Same clemermy 20d 1ame cattdmaity

A=8B

11
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Proper Subset

The set A is a subset of the set B but that A # B,

we write A € B
and say that A is a proper subset of B.

ACB H(Vx(xeAaxEB)/\Elx(xEB/\x@A))

Proper Subset

A subset that contains some, but not
all, elements of another set

& .
4 frefe,

. SR, A = {5, B, 9}
|.f/ V| B={1.2,34589]

12
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Example

For each of the following sets,
determine whether 3 is an element of that set.

{1,2,3,4}
{{1},{23, {3}, {4}}
{1,2,{1,3}}

Venn Diagram

Hji= {1,2,3,4,7\
B ={0,3,5,7,9
c ={1,2) }\

=

/

Universal Set

13
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Power set

{a,b,c}

0, )
{a}, {b}, {c},
{a,b}, {a,c}, {b,c},

{a,b,c} j

14
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< Counting Subsets
" with Induction

Al =n
P (A)]=2"

Power Set

The set of all subsets.

If the setis S. The power set of S is denoted by P(S).
The number of elements in the power set is 215]

S =1{1,2,3}
P(S) =2°
={0,{1},{2},3},{1,2},{1,3},{2,3}, {1,2,3}}

|P(S)| = 23 = 8 elements

15



Prepared by Assist. Prof. Imad Matti
Examplel

What is the power set of the empty set?

P©®) = {0}.

Example2

What is the power set of the set {}?

P({0}) = {0, {9} }.

16
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Cartesian Products

Let A and B be sets.
The Cartesian product of A and B, denoted by A X B,

is the set of all ordered pairs (a, b), where a € A and

b€ B.Hence, AXB={(a,b)|la€A ANb € B}.

Cartesian Products - Example

LetA ={1,2}, and B = {a, b, ¢}
AxB={(1,a),(1,b),(1,c),(2,a),(2,b),(2,¢c)}.

|JAXB|=|A|*|B|=2%+x3=6

Find B X A?

17
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The Cartesian product of more than two sets.

The Cartesian product of the sets A4, A,, ..., A,
denoted by A; X A, X --- X A,,, is the set of ordered
n-tuples (a4, a,, ... ,a,), where a; belongs to A; for

i=1,2,..,n Inother words,

A1X AzX'“XAn=

{(ay,ay,...,a,) la; €A; for i =1,2,...,n}.

Example:

AXBXC,whereA={0,1},B=1{1,2},and C = {0, 1, 2}

AXBxC=1{(0,10),(0,1,1)(0,1,2),(0,20), (0,2 1), (0,2 2),
(1,1,0),(1,1,1), (1, 1,2),(1,2,0), (1,2, 1), (1, 2, 2) }.

18
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Union

Let A and B be sets. The union of the sets A and B,
denoted by A U B, is the set that contains those

elements that are either in A or in B, or in both.

AUB={x|x€AVx€E B}

Figure One — Union

A=1{123}
B = {3,4,5}
AUB = {1,2,3,4,5}

19
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Set Operations

Union

Let A and B be sets. The union of the sets A and B,
denoted by A U B, is the set that contains those

elements that are either in A or in B, or in both.

:

A U B is shaded.

U

The union of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 2, 3,5}

20
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Intersection
Let A and B be sets. The intersection of the sets A and
B, denoted by A N B, is the set that contains those

elements that are in both 4 and B.

ANB={x|x€AAx€EB}

Ln"

A N B is shaded.

The intersection of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 3}

21
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Disjoint
Two sets are called disjoint if their intersection is the

empty set.

ANB=0Q

Disjoint Sets MATH

Sets that share no common elements between
them

U

A B

22
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Difference

Let A and B be sets. The difference of A and B,
denoted by A — B, is the set containing those

elements that are in 4 but not in B.

A—-B={x|x€eAAx ¢& B}

A = {1,3,5}, B ={1,2,3}
A — B = {5}

23
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Difference

A — B is shaded.

Complement

Let U be the universal set.
The complement of the set A, denoted by A

An element x belongs to U if and only if x & A.

A={xeU|xgA}

24
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U=1{12345}, A={13}
A ={2,4,5}

Complement

(-

A is shaded.

25
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Symmetric Difference

Venn Diagram For Symmetric Difference

The symmetric difference AAB includes elements that are in either A or B but
not in both.

Example: Let set A ={1, 2, 3}, and set B = {3, 4, 5}, then Find the symmetric
difference

Solution:

AAB={1 2, 4,5}

The symmetric difference between two sets A and B is denoted as A A B
and is defined as the set of elements that are in either of set but not in their
intersection. Mathematically, this can be expressed as:

AAB=(A-B)U (B-A)

Where,

« A-Bis asetof elements in A, but notin B,
« B - Ais asetof elements in B, but not in A.

26
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The symmetric difference can also be understood as union of both sets
minus their intersection:

AAB=(AUB)-(ANB)
How to Find the Symmetric Difference?

To find Symmetric difference between the two sets A and B, follow these
steps:

1. Find elements that are unique to set A, which is A - B.
2. Find elements that are unique to set B, which is B - A.
3. Take Union of these unique elements: AAB=(A-B)U (B-A)

Example: Find symmetric difference between Aand B (A AB)if A={1,
2,3}and B ={2, 3, 4, 5}.

Solution:
IfA={1,2,3and B={2, 3, 4, 5}

1. A-B ={1} (elements in A not in B)
2. B-A={4, 5}(elements in B notin A)

3. Symmetric Difference: AAB = {1, 4, 5}

Properties of Set Operations

Commutative Property

e UnionnAUB=BUA

o Intersection:ANB=BNA

« Symmetric Difference: AAB=BAA

27
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Associative Property

e Union:(AuB)uC=Au((BUCQC)
o Intersection:(ANB)NC=AN(BNC)

Distributive Property

« Union over Intersection: AU (BN C)
« Intersection over Union: AN (B U C)

(AUB)N (AU C)
(ANB)U (ANC)

Identity Property
e Union:AUu@g=A

« Intersection: AN U = A, where U represents the universal set
o Symmetric Difference: AAQ =A

Complement Property

e« Union: AU A'=U, where U is the universal set
o Intersection: AN A' = @ (the empty set)

Absorption Property

« Union over Intersection: AU (ANB)=A
« Intersection over Union: AN (AUB)=A

28
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Solved Question of Operations on Sets

Question 1: Find the union of two sets A = {8, 10, 14} and B = {7, 16}
Solution:

(AuB)={8,10, 14} u {7, 16}

(AuB)={7,8, 10, 14, 16}

Question 2: Find the intersection of sets P = {a, n, x} and Q = {x, vy, z}
Solution:

(PNQ)={a,n xN{x,y, z}

(PNQ)={x}

Question 3: Find the complement of set X = {4, 6, 9} where Universal set U =
{1, 2, 3, 4,6, 9}

Solution:

X=U-X

X'={1,2,3,4,6,9}-{4,6, 9}

X' ={1, 2, 3}

Question 4: Given two sets A ={5, 6, 9, 10} and B = {3, 6, 12} then find, A - B
andB - A

Solution:

A-B={5,6,9, 10} - {3, 6, 12}

A-B={5,09, 10}

B-A={3,6,12}-{5, 6,9, 10}

B-A={3, 12}

Question 5: Find the number of elements in the set (A U B) given that n(A) =
10, n(B) =4,,and n (AN B) =5.

Solution:

To find n (A U B) we use formula:

n(AuB)=n(A)+nB)-n(ANB)

nN(AuB)=10+4-5

n(AuB)=9

Example to find the symmetric difference using Venn diagram:

1.1fA={1,23,4,56,7 8 andB={1,3 5678 9} then A—B ={2, 4}, B - A={9} and
AAB={2 49}

29
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Therefore, the shaded part of the Venn diagram represents A A B = {2, 4,

9%}.

2.IfA={1,2,4,7,9yand B=42,3,7,8,9ythenAAB=1{1, 3, 4, 8}

8Save

Therefore, the shaded part of the Venn diagram represents A A B = {1, 3, 4,
8}.

30
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What are De Morgan's Laws?
(i) (AUBY=A’NB’

(i) (ANB)Y =A’UB".

De Morgan's Law Example

Let us understand De Morgan's law with the help of a simple example. Let the
universal set U = {7, 8, 9, 10, 11, 12, 13 }.

The two subsets are given by A = {11, 12, 13} and B = {7, 8}.

« De Morgan's Law of Union Example:
e (AuB)={7,8, 11,12, 13},

(AU B) ={9, 10}.

A’ ={7,8,9, 10} and

B'={9, 10, 11, 12, 13}.

A’ N B’ = {9, 10}.

« Thus,(AUBY=A’NB’

« De Morgan's Law of Intersection Example:
« (ANB)=0,

e« (ANB)={7,8,9,10,11,12,13 }.

e« AUB ={7,8,9,10,11, 12, 13}.

« Hence, ANBY=A’UB’

31
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De Morgan's Law Proof

Proof of AuB)Y =A’NB’:
The first De Morgan's theorem or law of Union can be proved as follows:

LetR=(AUB) and S = A' N B'". Our intention now is to prove R = S. For this,
it is sufficient to prove that R ¢ Sand S c R.

Suppose we choose an element y that belongs to R. This is denoted as y € R.
=>ye((AUB)

=y ¢ (AUB)

>y¢Aandyé¢B

=>yeAandyeB

>yeANB

=>YVES

Thus, we conclude that R ¢ S (R is a subset of S) ...(1)

Now suppose we have an arbitrary element z that belongs to set S. Then z €
S

>z€eANB
=>zeA and z e B’
=>z¢Aandz¢B
=>z¢ (AUB)
=>z€ (AUB)
=>Z€R

Hence, S c R ...(2)

32
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From (1) and (2) we infer that S = R or (A U B) = A’ N B’. Thus, this theorem
is proved.

Proof of ( ANB)’=A’UB’:

The second De Morgan's theorem or law of Intersection can be
mathematically proved using the following steps:

LetG=(ANB)and H=A"UB'. We would now prove that G = H by proving
GcHandHcG.

Let an element y belongto G.y € G.
=>ye((ANB)
=>y¢&(ANB)
>y¢ZAory¢B
>yeAoryeB
>yeA UB
=>yeH
This implies that G c H ...(1)
If z is an arbitrary element of H then z € H
=>zeA UB'
=>z€eAorzebB
>z¢&Aorz¢B
=>z¢ (ANB)
=>z€ (ANB)
=z€G
Therefore, H c G ...(2)
33
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Now when we combine (1) and (2) we cansaythat G=Hor (ANB) =A" U
B’. Hence, we have successfully proved the second theorem.

Examples Using De Morgan's Law

o Example1:1fU={1,3,5,7,9 11}, A={3,5}and B = {5, 7, 9}, then
prove De Morgan's first law.

Solution: According to De Morgan's First law, (AU B)’=A’ N B’
(AUB)={3,5,7,9}, (AUB)y = {1, 11}

A’ ={1,7,9,11} and B'= {1, 3, 11}

A’NB ={1,11}.

Answer: Hence, (AUB)=A"NB’

Solved Examples of De Morgan’s First Law

Example 1:

LetU=1{1,2,3,4,5,6,7, 8}, A={3, 4, 5}, B = {4, 5, 6}. Show that (AUBY’ =
ANB'.

Solution:

Given that:

U={1,2,3,4,5,6,7,8}

A ={3, 4,5}

B={4,5, 6}

We know that, Demorgan’s first law is (AUB) = A'NB’.

L.H.S:

34
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AUB ={3, 4, 5} U {4, 5, 6}
AUB = {3, 4, 5, 6}
Hence, (AUB) ={1, 2, 7, 8}
R.H.S:
We know that A = {3, 4, 5}
Hence, A’={1, 2,6, 7, 8}
Similarly, B = {4, 5, 6}
Thus, B ={1, 2, 3,7, 8}
Therefore, ANB’={1,2,6,7,8, N1 {1,2,3,7, 8}
ANB ={1,2,7, 8}
Thus, L.H.S=R.H.S
Hence, (AUB) = A'NB’ is proved.
Example 2:

IfU={a,b,cdefg hl,P={acd} Q={a b,f, g} Prove the
Demorgan’s first law.

Solution:

Given:

U={a,b,cdefqg,h}

P={a, c,d}

Q={a b,f g}

According to Demorgan’s first law, we have to prove, (PUQ) = P’'NQ’

To prove (PUQ)’:
35
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PUQ={a,c,d}U{a, b, f, g}
PUQ={a, b, c,d,f, g}
Hence, (PUQ) = {e, h}
To prove P’NQ’:
Given that P = {a, c, d}
Hence, P’ ={b, e, f, g, h}
Also given that, Q ={a, b, f, g}
Q ={c,d, e, h}
Hence, P’NQ’ ={b, e, f, g, h} N {c, d, e, h} ={e, h}

Hence, (PUQ) = P’'NQ’ is proved.

HOME WORKS

» Answer the following questions:
1. {2,3,4} x {1,3,4}
2 {0,1} x {0,1}
3. 1{1,2,3} x {0}
4. 1{1,1} x {2,3,4}]

O Write the answers to following questions.
1. 1{1,2,3,4,5,6,7,8,9,0}

36
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1 Let U={1,;10}, A={1,2,3,4,5),B={3,4,57,8 9}, C={1,2 3, 4,9},D={2 4, 6,8).
Calculate each of the following:

(AUD)NC.

(ANB)UC.

B".

C-D.

(B-AY.

e DX I o

Practice Questions on Set Operations

Question 1. Find the union of two sets A ={2, 4, 5, 9} and B = {2, 6, 10, 12}.
Question 2. Find the intersection of sets P = {5, 6, 7, 9} and Q = {6, 9}.

Question 3. Find the complement of set X = {p, g, r} where Universal set U =
{e,f, h,p,q,r}

Question 4. Given two sets A ={1, 2, 4,7, 10} and B = {1, 2, 8, 15}, then find,
B-A.

Question 5. Find the number of elements in set A, given that n (A U B) = 12,
nB)=7,andn (AN B) = 4.

Q6: Show that (AUB) = ANB".

1. if U={11, 12, 13, 14, 15, 16, 17}, A = {11, 12, 13, 15}, and B = {13,
15, 16, 17}.

2. LetU={p,q,r,s, t,u,v,w}, A={p, r, s, t}and B ={t, v, w}.

37
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