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Function

Let A and B be nonempty sets. A function f from A to
B is an assignment of exactly one element of B to
each element of A.

We write f(a) = b if b is the unique element of B
assigned by the function f to the element a of A.

If f is a function from A to B, we write f: A = B.

Function
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Assignment of grades in a discrete mathematics class.
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The Function f:4A - B

f

The function f maps A to B.

The Function f:A - B

Domain: A

@
Co-Domain: B a
f(a)=b
b is the image of a A

a is a preimage of b

The range, or image, of f The function f maps A to B.
is the sef of all images of

elements of A.
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The Function f:A - B

; Domain = {a, b, ¢, d, e}
3 Co-Domain = {1,2,3,4,5,6,7}
4 _
Range = {1,3,4,5,7}

5
6
7

A - B

Definition

Let f; and f, be functions from A to R. Then f; + f5 and f; f, are also
functions from A to R defined for all x € A by

(fr + f2) () = f(x) + f2 (%),

(fif2)(x) = f1(x) f2(x).
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Example
Let f; and £, be functions from R to R such that f; (x) = x? and
f(x) = x — x?%. What are the functions f; + f, and f; f, ?

(fi + )00 = i) + fo0) = x* + (x —x?) = x,
(fif2)(x) = () f,(x) = x*(x — x?) = x3 —x*.

Definition
Let f be a function from A to B and let S be a subset of A.
The image of S under the function f 1s the subset of B that consists of

the images of the elements of S.

We denote the image of S by f(S), so

f&={t|3ases(t=r£))}
or shortly {f(s) | s € S}.
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Example
Let A={a,b,c,d,e}and B ={1,2,3,4} with f(a) =2, f(b) = 1,
f(c)=4,f(d)=1,and f(e) = 1.

S={b,c,d}cA
The 1mage of the subset S = {b, ¢, d} 1s the set f(S) = {1, 4}

One-to-One function (injective)

A function f1s said to be one-to-one, or injective,

if and only if f{a) = f(b) implies that a = b for all @ and b 1n the domain
of 1.
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One-to-One function (injective)

fla) =1
f(b) =3
fle)=7
fld) =4
fle) =5

NOT One-to-One function (Not injective)

fl@)=1
fb) =1
fl©)=7
f(d) =4
fle)=5
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Solved Example on Injective Function

Example 1: Let's take a simple function, f(x) = 2x. Is this function injective?
Solution:

Yes, f(x) = 2x is indeed an injective function. For every distinct input, you will
always get a distinct output.

Example 2: Consider the function f:R—R defined as f(x) = x2. Is this function
Injective?

Solution:

No, f(x) = x2 is not an injective function because different inputs (e.g., x =2
and x = -2) can result in the same output (f(2) = 4 and f(-2) = 4).

Example 3: Consider the function f:R—R defined as f(x) = x2. Is this function
Injective?
Solution:

Yes, f(X) = x3 is an injective function. Every unique input will result in a unique
output.

onto function (surjective)

A function f from A to B is called onto, or surjective, if and only if for

every element b € B there is an element a € 4 with f{a) = b.
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onto function (surjective)

fl@=1
fb) =1
fc) =4
f(d) =2
f(e) _ 3 Co-Domain = {1,2,3,4}

Range = {1,2,3,4}

NOT onto function (Not surjective)

fl@) =1
fb) =1
fle)=4
fl@) =1
f(e) _ 3 Co-Domain = {1,2,3,4}

Range = {1,3,4}
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One-to-one correspondence (bijection)

The function fis a one-to-one correspondence, or a bijection, if it is

both one-to-one and onto.

One-to-one correspondence (bijection)

N QUL O T Q

Ul W W DN =

™

10

fla)=1
f(b) =3
fle)=5
fld) =2
fle) =4

Al =Bl

Co-Domain = {1,2,3,4,5}

Range = {1,2,3,4,5}
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NOT One-to-one correspondence (Not bijection)

a . 1 f (a) =1
b @ f(b) =3 NOT one-to-one
Ccl Z f(c) =5 NOT onto
e 5 fld)=1
Co-Domain = {1,2,3,4,5}
fle)=4
A - B Range = {1,3,4,5}

NOT One-to-one correspondence (Not bijection)

fla)=1

f(b) =2 Onto

f(c)=3 NOT one-to-one

fd=1
Co-Domain = {1,2,3,4}

fle) =4

Range = {1,2,3,4}

11
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NOT One-to-one correspondence (Not bijection)

fl@=1

f(b) =3 One-to-one
f(c) =5 NOT onto
fld) =2

Co-Domain = {1,2,3,4,5}

Range = {1,2,3,5}

12
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Examples
ol
ae
| Wi One-to-one
be
e3 NOT onto
ce
o4
A - B
Examples
ae
ol
be NOT One-to-one
o2
ce Onto
e3
de
A — B
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ae ol
be e2
ce \:03
de o
A =3 B
ae ol

be eo2

ce 3

de o4

A\

14

One-to-one
Onto

= bijection

NOT One-to-one

NOT Onto
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Examples

ol

o2
NOT a function
from A to B

e3

o4

A — B

Examples (Answer)
Determine whether the function f(x) = x + 1 from the set of integers

to the set of integers 1s one-to-one.

f@=a+1and f(b)=b+1

f(x)is one—to—one (if f(a) = f(b) and a equal b then).
a+1=b+1
a=>b

= f(x) is one—to—one

15
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Examples (Answer)

Determine whether the function f(x) = x? from the set of integers to
the set of integers is one-to-one.
f(a) = a? and f(b) = b?
f(x)is one—to—one (if f(a) = f(b) and a equal b then).

a2 = b2

+a=+b

a may be not equal b

= f(x) is NOT one—to—one

Solved Examples of Bijective Functions

Example 1: f(x) = x (Number to Itself)?

Solution:

Let's consider the set of natural numbers (positive whole numbers) as both Set A
and Set B. In this case, you can define a bijective function like this:

f(1)=1

f(2)=2

f(3)=3

In this function, every number in Set A (natural numbers) maps to the exact same
number in Set B. It's a straightforward example of a bijective function because it
meets both criteria each element in Set A matches a distinct element in Set B
(injectivity) and no elements in Set B are left unmatched (surjectivity).

16
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Example 3: Consider the function f:R—R defined as f(x) = 2x+1. Is this function
bijective?
Solution:

Injectivity: To check injectivity, assume that f(x.) = f(x.). for two different real
numbers x; and x,. This leads to the equation 2x, + 1 = 2x, + 1. After some
analysis, we find that x, must be equal to x.. This proves that the function is
injective.

Surjectivity: To check surjectivity, we need to ensure that for any real number vy,
we can find a corresponding value of x such that 2x + 1 =y. Solving this
equation, we get x = (y-1)/2 . This shows that the function covers all real
numbers in its range, confirming its surjectivity.

With both injectivity and surjectivity confirmed, the function f is indeed bijective.

Example 4: Let g: {1, 2, 3}—{a, b, c} be defined as g(1) = a, g(2) = b and g(3) = c.
Is g a bijective function?
Solution:

Injectivity: In this case, each element from the domain (1, 2 and 3) maps to a
distinct element in the codomain (a, b and c¢). This means the function is
injective.

Surjectivity: The function covers all the elements in the codomain (a, b and
c). Since every element in the codomain has a connection in the domain, the
function is surjective.

Considering these factors, g unquestionably qualifies as a bijective function.

17
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Inverse Functions

Let / be a one-to-one correspondence from the set 4 to the set B. The
inverse function of f is the function that assigns to an element b
belonging to B the unique element a in 4 such that f(a) = b. The

inverse function of f is denoted by f~1. Hence, f~1(b) = a when

f(a) = b.

Inverse Functions

/b

fla)

18
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Invertible
A one-to-one correspondence is called invertible because we can
define an inverse of this function. A function is not invertible if it is
not a one-to-one correspondence, because the inverse of such a

function does not exist.

Invertible — Example
Let f be the function from {a, b, c} to {1, 2,3} such that f(a) = 2,
f(b) = 3, and f(c) = 1. Is f invertible, and if it 1s, what 1s its
inverse?
Answer:
The function f 1s invertible because it 1s a one-to-one correspondence.

The inverse function £~ reverses the correspondence given by f, so

M) =c, f7Y(2)=a, and f~1(3) = b.

19
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Composition of the Functions fand g

Let g be a function from the set A to the set B and let / be a function
from the set B to the set C. The composition of the functions f and g,

denoted by f o g, is defined by (f o g)(a) = f(g(a)).

(fog)a)

Note that the composition fo g cannot be defined unless the range of g is

a subset of the domain of f.

Composition Example 1
Let g be the function from the set {a, b, c} to itself such that g(a) = b,
g(b) = ¢, and g(c) = a. Let f be the function from the set {a,b,c}to
theset { 1,2, 3 } such that fla) =3, f(b) =2, and f(c) = 1. What is the

composition of fand g, and what 1s the composition of g and f?

20
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Answer:

1) The composition of fand g (i.e., (fo g))

(fog)a)=2, (fog)b)=1, (fog)(c)=3
2) The composition of g and f (i.e., (g°f)) cannot be defined
because the range of f1s NOT a subset of the domain of g .

Composition Example 2
Let f and g be the functions from the set of integers to the set of
integers defined by f(x) = 2x + 3 and g(x) = 3x + 2. What is the
composition of fand g? What is the composition of g and f?

Answer:

1) The composition of fand g (1.e., (fog))

(fog)x)=f(g(x)) =2(Bx+2)+3=6x+7

2) The composition of g and f* (i.e., (g °f))

(goN®)=g(f(x)) =3Qx+3)+2=6x+11

21
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FHome works

[1] Let f; and f, be functions from R to R such that: f; (x) = x2, and f,(x) = x — x2.
What is the function: f; + f,?

X

2x?

x—1

oo wm»>

2x% +x

[2] Let f; and f, be functions from R to R such that: f; (x) = x2, and f,(x) = x — x2.
What is the function: f; f5?

A. | x2(x%—1)
B. | —x*—x3
C. [ x%(x%2+1)
D. | —x*+x3
[3] Afunction f: A = Bissaid to be ....cceeoeeervecriveciirecnecne ,ifand only if f(a) = f(b)

implies that: a = b for all a and b in the domain of f.

A. | onto, or surjective

one-to-one correspondence function.

B.
C. | one-to-one (or injective)
D. | None of the above

[4] A function f: A—>Bis called .......cccceeeveeirennennns , if and only if for every element beB
there is an element a€A with f(a) = b.

A. | onto, or surjective

one-to-one correspondence function.

B.
C. | one-to-one (or injective)
D. | None of the above

22
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[5] Afunction f: A>BiS @ .eceeeeeeeeecieececeveee e , or a bijection, if and only if it is both
one-to-one and onto.

onto function.

one-to-one (or injective)

onto, or surjective

oo|w >

one-to-one correspondence function.

[6] Let the function: f(x): A — B, the SN PPN
complete sets A and B are shown. A ' . R
function f(x) is:

LW L Me
Domain: A —LC2 5 l;;;l;e; B
A. | injective
B. | surjective
C. | bijective
D. | None of the above.

[7] Let the function: f(x): A - B, the
complete sets A and B are shown. A a -
function f(x) is: b
e |
d— < |
e ~\
A — B

onto function.

one-to-one correspondence function.

one-to-one function.

on ® >

None of the above.

23
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[8] Let f(x) be the function from {a, b, c} to {1, 2, 3} such that:
fla) =2,f(b) =3,and f(c) = 1.1s f(x) invertible? And if it is, what is its inverse?

The function f(x) is not invertible.

The function f(x) is invertible. And f~1(2) = a, f "1(3) = b,and f (1) = c.

The function f(x) is invertible. And f~1(a) = 2,f~1(b) = 3,and f~1(c) = 1.

oom >

None of the above.

[9] Let f(x) and g(x) be the functions from the set of integers to the set of integers
defined by: f(x) = 2x + 3, and g(x) = 3x + 2.
What is the composition of f(x) and g(x).

f(g(x)) =7x+6

flg(x)) = x?

A.
B. | f(gx))=6x+7
C
D

None of the above.

[10] Let f(x) and g(x) be the functions from the set of integers to the set of integers
defined by: f(x) = 2x + 3, and g(x) = 3x + 2.
What is the composition of g(x) and f(x).

g(f(x))=6x+6

g(f(x)) = 6x + 11

A.
B. | g(f(x)) =11x+6
C
D

None of the above.

Practice Problems on Injective Function

Problem 1: Determine whether the following function is injective:

o f(X)=2x+3

e g(X)=x2-4x+4
e k(x)=ex

o g(X)=x3+2x2-X
e U(X)=3x-2

24
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Problem 2: Consider the function p(x) = 1/x for x # 0: Is p(x) an injective
function?

Problem 3: Given the function r(x) = |x|, where x is a real number, is r(x) an
injective function?

Problem 4: Consider the function s(x) = Vx for x = 0: Is s(x) injective?

Practice Problems on Onto Functions

Problem 1: Determine whether the function f: R — R defined by f(x) = 2x - 3
IS onto.

Problem 2: Let g: Z — Z be defined by g(n) = 3n. Is the function g onto?

Problem 3: Consider the function h: {1, 2, 3, 4} — {5, 6, 7, 8} defined by h (1)
=5, h(2) =6, h(3) =7, and h(4) = 8. Is the function h onto?

Problem 4: Determine whether the function k: R — R defined by k(x) = x2is
onto.

Problem 5: Let m: N — N be defined by m(n) = n + 1. Is the function m onto?

Problem 6: Consider the function p: {a, b, c, d, e} — {1, 2, 3} defined by p(a)
=1, p(b) =1, p(c) =2, p(d) =2, and p(e) = 3. Is the function p onto?

Practice Problems on Bijective Function

Problem 1: Determine whether the following function is Bijective:
o f(X)=2x+5

« g =x+1

° k(X)ZSX—Z

25
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Problem 2: Consider the function f(x) = 1/(x - 10) for x # 10: Is p(x) an bijective
function?

Question 3: Given two functions f(x) = x + 2 and h(x) = 2x — 3
o Find the composite function (f o h) (x)

« Evaluate (f o h)(2)

26
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