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Mautrix inverse

Chapter 6
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Adjoint of 2x2 Matrix 'f T e

If A=

~ Interchange

Change signs

adj A

7]

. ) ;f cue
Determinant of a 2x2 Matrix THE MATH EXPERT

If A = >(: then

det A = :ad-ch
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Inverse of a Matrix )
1 Adj
1 . S j
A Al
. J
Inverse of 2x2 Matrix ‘( EH"EJMEMH EXPERT

ab
If A = |:c d:| then

P 1 d -b
é' A= ad - be |:-c a]
/ o\

/Y \

Inverse Determinant Adjoint
of A of A of A

Note: A'exists only when ad - bc =0
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Example 1: Find the inverse of
2 -3
4 =9

A=

Solution:

The following method to find the inverse is only
applicable for 2 x 2 matrices.

1. Interchange leading diagonal elements:

-7>2,2->-7
-7 =3
4 2

2. Change signs of the other 2 elements:
-323;4-5 -4
-7 3

—4 2

3. Find the determinant |A|
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2 -3

=14 +12=2
g =g

4. Multiply result of [2] by 1/ |A|
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Finding Inverses 2x2

Example: Find the inverse of A.
Y { 2 4}
~4 -10
1 1 {—10 —4}
47 = pro-@@)| 4 2
4 1[-10 -4 > 1
T4l 4 2|7 |_q _2

Example: Find the inverse of matrix A = L?) 2 J

5

1. The determinantof A= | 3 2
1 5] =Bx5)-(2x1)=15-2=13.

2. The adjoint of a matrix A

adjA= (5 -2
—1 3

As we know, the formula of inverse for 2x2 matrix is given by:
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A = (Adj A) / det(A)

Al= 1/13 (5 2
-1 3

Therefore  A'l= [5/13 -2/13}
-1/13 3/13

Example: Find the inverse of

3 10
A=
2 7
Now, we have to find

A= (3 10
-
det(A) = 3(7) - 2(10) = 21— 20 =1 # 0
Adj A = L? 10
2 3}

As we know, the formula of inverse for 2x2 matrix is given by:

Al = (Adj A) / det(A)

Solution:
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Al= 1/1 |7 -10
2 3

Therefore Al= |7 -10
-2 3
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Example 1.14

2 4
I A= - | then, find A™".
=% 2
Solution

2 4
A= g
2 4
=16%0

Since A is a nonsingular matrix, A-' exists

) 2 —4
Now adj A —[3 2]
A" = radiA
TA]
o Bl
1613 2
Example 1.15
—2. 6 "
If A—‘ P then, find A

Since det A = (-2)(-9)-(18)=18-18=0

Therefore A does not exist.
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Clear Explanation of Matrix

Minors, Cofactors, and

a1 a1z a3 a.”.-.ai.z--a.rs
' a2 Q23
A= lay ap ay A= |ay apy a3 Ap = [ ]
1 aszy ass
as1 az Qs a3 0'92 az3
original matrix erase row | and Form the
column 2 submatrix

Calculate the minor: Mjs = det(A2) = asass — asass

Minors For 2xX2 Matrix

Let A=(g o2
minor of the element a1 is the determinant
of matrix formed by omitting 15t row and 1%t
column of A. i.e. M11 = |azz|. Similarly, minor

of @12 is M12 =|az1| and so on.

) be a 2X2 matrix. Then the

10
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A=(Ta,,)

minor of a;
= |5122|

A=)

minor of ax;
= |ﬂ12|

A(ay 1)

minor of a;s
= |'f121|

a
A=)
minor of a;;

= |f111|

Mi; = minor of a;; = |az| = ax»
M1, = minor of a;; = |az1| = az;
M>; = minor of dy; = |312| = di2

M>> = minor of dy = |311| = dii

Cofactors:

Let A be a square matrix and a;; is the element in i*" row and

j*" column of A. Then the cofactor of the element a;j is given by
the number (-1)'"* M;;, where M;; is the minor of the element a;.
The cofactor of element aj;; is denoted by Aj.

11
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Cofactors For 2x2 Matrix

_ (211 Q4
Letﬁ.—(an ‘.

cofactors of the elements of A are as follows:

z) be a 2x2 matrix. Thus, the

A11=cofactor of a11=(-1)1*1M11 =|azz| = azz
A1z2=cofactor of ai2=(-1)1"*M1i2=-|az|=-az2
Az1 = cofactor of az1=(-1)2*1Mz1 =-|aiz|=- a1z

A22=cofactor of azz=(-1)2*2Mzz2 =|a11| = a1

Adj of matrix A = Transpose of matrix A
Adj A = Transpose | A4 A1,
A21 A22
AdjA = [ A Az
A12 A22

4 Inverse of a Matrix

1
Al - — AdjA

A |
N J
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Example 1: Find the minor and cofactor of
. (1
matrix (3 4)

Solution: Here,

tetA=(5 3) =(an a31)

Then,

811 =1,a812 =2, 821 = 3andaz =4
Thus,

Mi: = minorofa:; = |4]| = 4

Miz = minorofa;z = |3| =3

Mz: = minorofaz; = |2]| =2

Mzz = minorofaz = |1| = 1

And,

A1 = cofactor of air = (-1)1"1 M1 = 4
A1z = cofactor of azz = (-1)1*? Mz = -3
Az: = cofactor of az: = (-1)*"1 Mz2; = -2

A2z = cofactor of azz = (-1)°*2 M2z = 1
Now to find the inverse of the matrix A:

A1 Alz} 4 -3

The matrix of cofactorsis= | Ay Ay =1-2 1
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Adj of matrix A = Transpose of matrix A

Adj A = Transpose | A4 A1,

Az, Ay
= transpose of 4 -3
-2 1

Adj A = {All Au}

Inverse of a Matrix

1
-1 - —— Adj
- Al

14
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A = 1/((4x1)-(-2x-3)) |4 -2
-3 1
=1/2 (4 2| = |[-=2 1

-3 1 J 3/2 1/-2

Minors For 3xX3 Matrix

Qi1 @z Q3

Let A = (321 sz 923) be a 3x3 matrix. Th-
@lz; Q33 Qa3

en the minor of the element ai11 is the deter-

minant of the matrix formed by omitting 1%

Q33 ﬂzzl

row and 1% column of A. i.e. My1 = |
3z Qa3

Teal : . a a
Similarly, minor of aiz is M1z = | 21 23| and
(31 Q33

S0 On.
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Pl oyl ol

i) 22 i
’1 A7 Qa3 349 ’1 Q33 A3 Q32
I3z Qa3 31 021! ftzy Qa3

minor of a1 minor of a1z minor of ais

:lazz azal :|‘321 szal :lﬁzl azzl
33 CQaz 37 Qaz 31 CQaz
| i35 Qq3 iy 43 037 Q43

Fal

"‘lﬁl ""'|£.d “'IL&
3z Qgaz 3y 3z flz3 Q32

minor of az minor of az» minor of azz

_ |ﬁ1z alal _ |&11 alal _ |ﬁ11 alzl
(32 Qa3 @31 Q33 Gz; Qa3
Q13 Qy3 14 i3 Q11 Q12
Q3 Qa3 Q21 Q33 g3 Qa2
37 3 e ek
minor of az1 minor of azz  minor of azz
_ |a12 alal _ |“311 a13| _ |a11 alzl
fzz Qg3 Q31 Q33 33 Qa2

16
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Minors for 3 x 3 matrix

. & a
Mi: = minor of a11 =|_2%2 _23|= azzazs — azzasz
3z 33
. a a
Mi> = minor of aio=|_2* ~?3)|= aziazz — azzas
3y Q33
, a a
Miz = minor of aiz=|_2* _?%|= aziazz — azzas
3y CQzz
, a a
M21 = minor of az1 = a12 &13 = di2d33z — dizd32
32 33
. a a
Ms> = minor of az =|_ 1t *|= aniass — aizas
3y Q33
. a a
M2z = minor of azz = &11 &12 = @Ai1i1d3z — Aizas1
31 32
, ¥l il
M=1 = minor of as1 = &12 &13 = dizdz?3 — dizd?22
22 23
, a a
Mz> = minor of asa=| % 3*|= aiiaz — aizaxn
39 Qa3
, a a
M=z = minor of asz = &11 &12 = Ai11822 — Ai1z2821
21 22
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Cofactors For 3x3 Matrix

i1 Q12 Qg3
Let A=|2z1 Qzz Gz3 |be a 3x3 matrix. Thus,

tl3q dzz Q33
the cofactors of the elements of A are as

follows:

A11 = cofactor
A1z = cofactor
A1z = cofactor
Az1 = cofactor
Azz = cofactor
Az3z = cofactor
Az1 = cofactor
Az2 = cofactor

Az3z = cofactor

zz Qa3
of a1 =(-1)1*1 M1 = | |
(-1) tzz Qgzz

zy a3
of a1z = (-1 1+2M12=_| |
(-1) gy d3z3

zy QAzz
of aiz=(-1)1" M1z = | |
(-1) 3y QAgzz

12 43
of az1 = (-1)2*1 Mz1 = — |ﬁ32 &ggl

43 Q33
of azz =(-1) 2 Moz = | |
(-1) 3y Qgzz

iy Q32
of azz=(-1)2+ Moz =— |
(-1) gy d3z2

dyjz Qi3
of az1 = (—1]3+1M31=| |

dzz Qa3
47 Aq3
of az2= (-1 3“LEI"-"|32=—| |
(-1) a1 a3

a a

_ 343 _ %11 12

of azz=(-1 Mzz = | |

(-1) dzy Qa3

18
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Transpose of a Matrix
AI

Transpose of
Matrix A

19
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The transpose of a matrix 4 is denoted by 4" and 1s formed by swapping the rows
and columns of the matrix 4.

The first row of the matrix 4 becomes the first column of the matrix 4", and so on.

Example
3 4 5 32
[fA:( 3],1hen A=14 -1|.
- 5 3

Note that the matrix 4 1s of order 2 x 3, whereas the matrix 4’ 1s of order 3x 2.

This 1s true in general; if the matrix 4 is of order m x n, then the matrix 4" will be of
order nxm.

[The transpose has the following properties:
(1) (4")'= A for any matrix 4.
(2) (A+ B) =A4"+ B’ for any matrices 4 and B of the same order.

(3) (kA)' = kA" for any matrix 4 and scalar £.]

20
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Adjoint of a Matrix

;" T
adj A =

21
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11 dyp dp3

Let A = (331 423 Hza) be a 3x3 matrix, and
dy; dy Ay

Aj; be the cofactor of the element aj;, then

adjoint or adjugate of matrix A is defined

by,

) ‘&"11 H‘lE H‘lE
ad) A = transpose of [ Ay Ay A
31 P"EE P"EE

Ay Ay Ay
= Ay Ay Ag
13 A3 Ag

22
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adjA =

22

32

a21

k3

a2‘I

a31

a23

33

323

33

a22

aS2

a12

32

1

31

1

31

a13

33

a13

12

32

a12

22

a11

a2‘I

1"

21

a13

23

13

23

12

22

23
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Exarmplie 2 Find the rmiinors and cofactors of

1 2
rmratrix | 2 Q
=3 2

— 3
4 -
1

Sofution: Here,

1 2 —3 CZy 9 Ly = ry =
et A = 2 Q0 4 = CEoy Oz azz

3 2 1 3y 2z b zz
T her,
2121 — X i1z = 2 Hi1z — —-3F
az1 — 2 azz = O azz — =
Sz — 3 a3z — 2 Sz — 1A
Thus,

Ny = rrrimnnor of 8121 — Ig i‘l = 0 — 8 = -8
- ) |2 a) _ _
M:z—mIﬂGerﬂzz—IB 1|—2—12——11‘J
- ) 12 o] B -

Mz = mrrimnor of a2z = |3 2I = o =f
_ - _ 2z —zZy _ o
=z = rrrimnor of azz = |2 1 I == 22 4+ =
_ - o 1 —3]
Mzz—m:norofazz—lg 1|—1—I—9—1-D‘
B ) | 2y _ _
N o= rrirnor of azz = | I == 2 — a8 = — A
3 2
J— - —_ 2 _3 —— - —
Nz = rrrimnor of asz = |U a I = & o =
_ - o 1 —3 -
Maz—m.rnc:-rcrfagz—lz 4|—4—|—6—10
- ) _ | 2z _ _
MEE—I‘T?IHU!"OJF-EEE—I I—G—4——4
2 L]
And,
Az = cofactor of 81 = (-1 Mz = - 8
Az = cofactor of aiz={-1)1 " Miz=-—(—10)=10
Az = cofactor of 815 = (-2 )1FF MMz = <
Az = cofactor of 8z = (—-1)F Mz = - &
Azz = cofactor of a8z = (-1 Mz = 10
A=z = cofactor of azs = (-2 )°7° Moz =—(—=d )= =
As: = cofactor of as: = (—1)°7 M3 = 8
Azz = cofactor of azz = (27 Mz = - 13
Aszssz = cofactor of sz = ((—-1)°7°F Mszsz — — <

24
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- N 2

Ain An A3 -8 -10 4

Matrix of Cofactors = | A,y Ay Az |=| 8 10 -4

(Asz1 Az, Asz) U8 -10 -4

(A Ay A ) (-8 8 8

AdJ(A) = AT =| Ab An  Aple-10 10 -10

LAz A Az ) L4 4 -4 )

Find det(A), then apply the following to find the inverse of A

At =(1/detA). AdJ(A)

Example:

52 35
M=l074
560 _

det (M)= 1(0-24)-2(0-20)
+3(0-5)
=

wilkcd

25
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[492]

240

a5 [ggl-e  [gils
2or-20 Ji%ls  |18)-4
val--s  liEle gk

5 -4 1] |+ -+
oy 1[04 18
Adi(M) = [zo 15 3]
5 4 1

wikiy

26
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AA;(M)=[}_%4-§§ E?}] ) detM)=1
=5 4

M~ i A5

: -24 18 5
M- = 20 -1 —4
o2z M 2
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GT) 1.2

Find the adjoint of the matrix A = I2 - l

1 4
[
If A=l 4 3|then verify that A (adj A) = |A| I and also find A™
134
Find the inverse of each of the following matrices
f e 31 s 8 Belaits
(i) ) 3| (ii)l_1 3 (iii) |0 2 4 (iv)|-2 3 -1
005 1 -4 -6
2 3 =k 4 : : ; ;
If A= Il o and B =[ : _2| , then verify  adj (AB) = (adj B)(adj A)
2, =22
If A=|2 3 0]then, show that (adj A)A =0
L ZO
<1 2 =2
If A=| 4 —3 4|then, show that the inverse of A is A itself.
L & =g 35
1 0 3
If A'=|2 1 —1]then, find A.

i =1 1

28
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4 2 1
221 5§ & 2
Show that the matrices A=|1 3 1|and B= —-15- % -—;— are inverses of each
other. 122 I 2 A
S & 3
IfA=[3 and B=° ® |then, verify that (4BY"' = A
25 79
[l 1 3
Find A if the matrix |2 4 4] has no inverse.
9 7 11
8§ -1 -3 2 1-1
If X=(-5 1 2fandY=[0 2 1 then, findp,q ifY=X"
10 -1 -4 5p ¢

29



