Vectors

Magnitude and direction in space such as: force, speed..... etc
v= AB, 1=CD ,w= EF
A
i
v > —,
w
\ 4
_
Note

(1) The zero vector is just a point, and it is denoted by 0, and has arbitrary
direction ,which is written as 0
(2) Given the two points A = (ag, by, cy) and B = (a4, b4, c4) the vector with the
representation 4B = (a; — ag, bi—by , ¢4 — €o)
Note that the vector above is the vector that starts at A and ends at B.

The vector that starts at B and ends at A is BA = (ag_a;, by—b4,co — ¢1)
(3)AB = -B4

1- The vector from A=(2,-7,0) to B=(1,-3,-5)

2- The vector from C=(1,-3,-5) to D= (2,-7,0)
Solution

1- AB=(1-2,-3+7,-5-0) = (—1,4,-5)

2- CD=(2-1,-7+3,0+5) =(1,4,5)

coordinate system the unit vectors along the x- and y-axis are denoted by i and |,
respectively. In an xyz-coordinate system the unit vectors along the x-, y- and z-
axis are denoted by i, j and k, respectively. Thus:


Vectors


1=(1,0), j=(0,1) (2- dimension)

1=(100), j=(010), k=(0,021) (3- dimension)

U =( Vi, Vy )= Vii + Vyj (2- dimension)
U =( Vi, Vy ,V3)=Vai + Voj +Vzk (3- dimension)

vector
Solution

v = (v4,V,, V3) is denoted by the symbol||v|| or |v] is.

15ll= Jvi + 03+ 2

Properties of the magnitude

&
<l
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I
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b) |1 0]|=0

c) 1% =0 )
d) || ¥|| =0 if and only if ¥ = 0
e) |7+l <[ 7] +|

f) || vl <7 [



Example :
Find the length of the vector , v=(-1 , 3, 2)

Solution

| 7| =\/V§ +v2+ 2= (-2 + (3)% + (2)2=VI+9 + 4=V14

Note

The magnitude of a vector is not in general equal to the sum of the magnitudes of
the two original vectors.

For Example

The magnitude of the vector (3, 0, 0) is 3, and the magnitude of the
vector (-2,0,0) s 2,
but the magnitude of the vector(3, 0, 0) + (-2, 0,0) is 1, not 5!

A unit vector (u,, ) for any vectorA4

Defined as a vector whose magnitude is unity and is along of A that is

Find the vector A directed from point (2,-4,1) to point(0,-2,0) in Cartesian
coordinates and find the unit vector along A
Solution

—

A = -2i+2jk
| = V(=22 + 2)2+(-1)2 =3

A -2i+2j-k _ -2. 2. 1
—_ = = —i+-j—-k
Al 3 3 3/ 73

u, =

the original but in the opposite direction



w=

e AB=-BA
] Kﬁ+]§K= 0

Vector Arithmetic

1- addition of the vector]

Given the two vectors v = (v4, 15, v3) and W = (W, Wy, W3)
The addition of the two vectors is given by the following formula
‘7 + W = (Vl + W1,V2 + W2,773 + W3)

For ¥ =a,i + a,j + agk and w= b,i + b,j + b3k be two vectors
Then ¥ + W =(a; + by)i + (a, + by)j + (a3 + b3)k

2- Subtraction of vector

Given the two vectors v = (vq, 15, v3)and u = (uq, uy, ug)

the Subtraction vector is

‘7— ﬁ = (V1 —Uuq,Vp — Uy, V3 — u3)

For v =a,i + a,j + ask and w= b,i + b,j + b3k be two vectors
Thenv — W =(a; — by)i+ (a, — by)j + (a3 — b3)k
The subtraction operation between two vectors u — v can be understood as
a vector addition between the first vector and the opposite of the second

vector:

Given the vectors v = (vq, V5, v3) and any number C scalar multiplication is
CV = (Cvyq, Cv,, Cv3)



For 1_5 =v1i + ij + 173k
Then € v=Cv,i + Cv,j + Cvsk
Scalar multiplication obeys the following rules :

. Distributive in the scalar: (k + d)v = kv + dv

. Distributive in the vector: k(v + W) = kv + kw

« Multiplying by 1 does not change a vector: v =v

. Multiplying by 0 gives the zero vector: 0v = 0

« Multiplying by —1 gives the additive inverse: (-1)v = —v

Properties Of vector algebra
If v, wand u are vectors and a and b two numbers then we have the
following properties:

a. For any vector v there is a vector (—v) such that v + () = 0

b. v+w=w+v Commutative Law
c. u+(v+w) = (U+v)+w Associative Law
d. ¥v+0=v=0+v Additive Identity
e. (a+bv=av+bv

Example

3) Find u + v for u = (3i + 4j), v=(-2i +j).
4) Find ¥ — v for u=5(3i + 2j), v = (7i + 3j).
Solution

1) uU+v=@i+4j)+(-2i+j)=B-2)i+@+1)j=1i+5=i+5j
2) 5 (3i + 2j) - (7i + 3j) = (15i + 10j) - (7i + 3j) = (15 - 7)i + (10 - 3)j = 8i + 7j

Let v =a,i + a,j + agk and w= b,i + b,j + b3k be two vectors and

1_7) =W@a1 = bland a, = bzand as = b3

where P = (2,1,5),Q = (3,5,7),
R=(1,-3,-2) and S = (2,1,0). Does PQ = RS?
Solution
PQ= Q-P=(3-2,5-1,7-5) = (1,4,2).
RS= (2-1,1-(-3),0~(-2)) = (1,4,2).


http://en.wikipedia.org/wiki/Zero_vector
http://en.wikipedia.org/wiki/Additive_inverse

+ PQ=RS=(142).

Door u= (-2, 1),
1) foru= (5, 3) ,
1) u=v
because u; =-2,V;=-2 = U;=Vi ang U =1, VL =1= U, =V,
DU+vV

because. uU; =5v;=3 =u; #V; U, =3, V=5, = U, # v,

(_2’ 1)

v
%= (3, 5)

Two nonzero vectors are equal if they have the same magnitude and the
same direction. Any vector with zero magnitude is equal to the zero vector.

L ]

Vectoill and VectorV Vector U and VectorvV  Vectorll and Vectory
have same direction have same magnitude have same direction
but different magnitude. but different direction. and same magnitude.

UfEV UV u=v




Definition Let ¥ = (v1,v2,v3) and w= (w1,w2,w3) be vectors in R®.
The dot product of ¥ and w, denoted by v-w, is given by:
v-w= ViWq +VoW, +V3W3
Similarly, for vectors v = (v1,,) and w= (w.,W,) in R?, thot product
is: V-W= ViW; +VoW,
For vectors v = v, i+v; j+vsk and w= w; i+w, j+wsk in component form, the
dot product is still
v-w= ViW1 +VoW, +V3W3
Properties Of The Dot Product

. V= v.u (commutative)

g

= s(u * V) (respects scalar multiples)
+W) =u .V + U .w (distributes over vector sums)
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The associative law does not hold for the dot product of vectors Because for vectors
u, v, w, the dot product u-v is a scalar, and so (u-v) -w is not defined since the left
side of that dot product (the part in parentheses) is a scalar and not a vector.

Example
givenu=(2,-2),v=(5,8), w =(-4, 3) find each of the following:

Du.v

2) (u.v).w

3 u.(2v)

Solution:

1) u.v=(2,-2) .(5 ,8)=2x5+(-2)x8=10-16= -6
2) (U.D).W=-6(4,3)=(-6x4, -6x 3)
u.(2v)=2u.v)=2x-6=-12



Is given by

E
>

PToj,B = z

Y

The projection of A onto B proj4B is given by

.. AB
ProjgA = |2

— B
|B

Determine the projection of vector §:(2,1,-1)onto vector A =(1,0,-2)
Solution

A B=4
|4| = /(1) + (0)2+(-2)2 =5

- 4
proj,B = E(i — 2k)




This application direction of the dot product requires that we be in three

dimensional spaces unlike all the other application we have looked at to

this point

angle a vector makes with the x axis, a is the angle a vector makes with the y
axis, and p is the angle a vector makes with the z axis. These angles are called

The formulas for the direction cosines are

cosO =”le” = v,=||v|| cosO

V2
cosa = = v,=||v|| cosa
cosB=”VT3|| = v;3=||v|| cosf3

For any vector v in Cartesian three-space, the sum of the squares of the direction

cosines is always equal to 1.
cos?0 +cos?a +cos?f =1

If ||v]| =5 and 86=70°, a=85°,8 = 20° give the component form vector v.
Solution



v =(||v|| cos @, ||v|| cos a, ||v]| cos B)

= (5c0s70, 5 cos85, 5 cos20)

Determine the direction cosines and direction angle for v = (2,1, —4)

Solution

Y| =vV4+1+16 =21

2
cosO —ﬁz 0 =64.123

1
coso =1 >a="77.396

cosﬁ=% = B = 150.794

Definition let u =(u4, u,, u3)and v =(v4, v,, v3)be vectors in space , the
cross product of 1 and v is the vector :
U XV = (UpVz3—u3Vy , UgVyi— V3 , UpVp — upVy)

W

r = WO W

We can now rewrite the definition for the cross product using these
determinants:

a) The top row consists of the unit vectors in order Z,jk.

17



i j K
X v = | u U Uy <—— Put “u” in Row 2.
~—— Put v’ in Row 3.
= i— | u 5 uy |j + | u s 5 |k
) ) y } ] i
Vi 2 Vs Y Va 3
T 7 u sy |, u U,
o - Tl ! Syt ! 1k
1’2 1’3 L’l 1’3 l’l ],’2

= (uwy — uv )i — (s — upv)j + (v, — uv K

Properties of the cross product:

If ¥ ,u, and w are vectors and s is a scalar, then :
1.V xu=-ux v (Anti-commutative)
2.(sV)xu=s(V xu)=v x(su)

—

3 x(U+w)= vV xu+ v xw (Distributive)

l

4.(V +U)xwW= VU xW+uxw
5V -(Uuxw)=(V xu)-w=u.(wWxv)

6.V x(UxW)#(V x(U)xWw (Notassociative)

7.7 x(UxW)=(¥ -W)u-(v -u)w (both sides of this identity are vectors)

For any vectors U = (Uy,Up,Us), U = (V1,V2,V3), W= (W1,W,,W53) in R3.

1 W2 U v, Vv v, vV V1 Dy
= = o _ 2 VU3 1 VU3
w@w)=| V1 V2 V3| =y |W2 wil U2 lwy wil* 2|W1 W2|
Wi Wz W3
The Cross Product Of i, j And kK
Ixj=k JJxk=1 kxi=]

ixi=0 ,Jx)J=0 ,kxk=0
ixk=—) ,jxi=-Kk  kxj=-i

to find the cross product of any pair of basis vectors ,you travel around the
circle. Thus, to get i X J , you start at i, move to j and then on to k. If you go
around the circle clockwise, the answer is positive, if you go counter-clockwise, it
Is negative. Thus, j X k =i, and so on, while k x j =-1, etc.



J
K xi - N
ix i
kK x j

1«;M ixk 1

Givenu =i-2j + kand v = 3i + j — 2k, find each of the following.

—

auxv b.vxu cvxv

Solution
i j k
auxv =1 -2 1
S, 7% 1. 1 -2
“ 11 —z|"|3 —2|J+|3 1|k
=(4-1)i-(-2-3)j+(1+6)k= 3i+5j+7k
i j k
b.v xu=13 1 -2
L2 e o3 1
:|—2 1|"|1 1|J+|1 —z|k
= (1-4)i- (3+2)j+(-6-1)k= -3i-5j-7k
i j k
CUXV=(3 1 =2
3 1 -2
_11 =2 13 —=2].,13 1
‘|1 —2|' |3 —2|J+|1 1|k
= (-2 +2) i - (-6+6)j+(3-3)k= 0i-0j-0k = 0
Example:
Given the vectors v = i — 2j+ 4k and W = 3i + j— 2k find vxw

Solution



i j K
Uxw =[]1 -2 4
3 1 -2
= i(d—4) - j(-2 -12) + k(1+ 6) = 14j + 7K
i j K
WX =3 1 —2|==id—4)-j(12 +2) + k(-6-1) = -14j - Tk
1 -2 4
.Example:

Given the vectors ¥ = j+ 6kand w =i+ find vxw

Solution
i j k
vxw =[0 1 6|=i(1.0 —6) - j(0 -6) + k(0- 1) = -6i+6j -k
1 1 0
Example:

Since u-v = 6 and u-w= 7, then

ux(vxw) = (U-w) v—(u-v) w
=7(2,2,0-6(1,3,0) = (14,14,0)—(6,18,0)
= (8,—4,0)

Angle between Vectors

Let wand ¥ be from R? or R® and let 0 be the angle between them. Then

cos(B)z%: 0 =cos (=)

u
I [ul.|v|

(R R AL R
= @ =sin (22
lul|v| [v||ul

|Px |

sin @ =



(positive o0<0< g
Li Bis! 0 6="
\negative g <O<m
Example

What is the angle in degrees between uw’ =(1,1,1) andv =(2 ,1,0),
Solution

U. =12 +1.1+1.0=3

|u|=\]u§+u§+u§=\/12+12+12=\/§

lv|= Jv1+v2+v3 V22412 +02=+5

. uv 3 _ 3 _ -1i_ .A~0
COS(B)_IuI.IvI ﬁ@‘m:B'COS («/1_5)'39'23

Find the angle between u. = 2i+3j+k & V= -i+5j+k.

Solution:

W U=2.(-1)+3.5+1.1 =-2+15+1 =14
| |I= V14| 9||= V27

_ _ 14 V14
cos (8) = |||v| T V1427 343

~ 0 =cos™ (%) =43.93° ~44°

Example
Givenu =2i—3j+5kand ¥ =5i+ 3j — 7k, compute the angle between u and v

Solution



——
uv

[ul.|v|

c0osO =

—

U.V=2x5+(-3)x 3 +5x(-7)=-34

|ul =\]u§ +uj + uj=v22 + —32 + 52=+/38

|v|=\/v§ +v5 +v5=v52+32+-72=483

cos (8) = v . -34 _ -34
" lullv]  V38V83 V3154

B

Example:
Find the normal unit vector perpendicular on A and B for

A=2i+3j—kand B=—j+2k

Solution
_, AxB
N=——
|AXB |
o |t 7 kK
AXxB =2 3 -—1|=5i-4j-2k
0 -1 2

|AxB| = /(5)2 + (—4)2+(-2)2 = V45

5 4

— .
n=-—I1i-—

2
Va5 vas' Vas

k



Parallel VVectors

+ Two nonzero vectors ¥ and u are parallel if there is some scalar ¢ such that
Uu=cv
Or

+ Two non-zero vectors ¥ and ware parallel & vxu = 0.

Which of the following vectors is parallel tow = (- 6, 8, 2)?
a.u=3,-4,-1)
b. v =(12,-16, 4)

Solution

—

a. Because u = (3 ,—4,—1):%(—6, 8,2) :—%w, you can
conclude that u is parallel to w.

OR
i j Kk
wxu=|—-6 8 2 |=(8x-1-2x-4,2x3--6x-1, -6x-4-8x3)=(0, 0, 0)
3 -4 -1

b. In this case, you want to find a scalar c such that

(12,-16,4) =c(-6, 8, 2) .

12=-6->c=-2

-16=8-c=-2

4=2-c=2

Because there is no ¢ for which the equation has a solution ,the vectors are
not parallel.

Orthogonal Vector

+ Two non-zero vectors v and w’are orthogonal ® u.v=0

Show that vectors v’=(1, -1, 0) and w=(2,2 ,4) are orthogonal,



Solution

v W =1*2+-1*2+0*4=0

Determine whether the given vectors are orthogonal, parallel or
neither:
(1) u=(-2,6,-4) v=(4,12,38).
(2) u=i-j+2k , v =2i-j+k.
(3) u=(a,b,c) ,v=(-b,a,0)
Solution
(1) u=(-2,6,-4) ,v=(4,-12, 8).
Because v = (4,-12,8) =-2 (-2, 6 ,-4)= 2 u, you can conclude that v is

parallel to u

(2) conclude that u is parallel to v
U.V=2+1+2=5,
i j k
uxv=(1 -1 2|=(-1x1-2x-1, 1x1-2x2 , 1x-1--1x2)=(1,3,1)
2 -1 1

the vectors are neither orthogonal nor parallel.
(3) u=(a,b,c) ,v=(-b,,0).
u.v=-ab+ab+0=0, so the vectors are orthogonal.



3
;G’arametric Equations )
e — s —— s ——
The parametric equations of a lineL in 3-space for a line passing through

Po (X0,Y0,Zo) and parallel to v = ai + bj + ck:
ISX=Xpo+at, y=ypo+bt, z=2z5+ct

To determine parametric equations of a line, we need
* a point on the line

* a vector parallel to the line

Z A

Py(xq, Yo, 2o)

Where 7y = (xo, Yo, Zo) iS @ vector whose components are made of
the point (xo, yo, o) On the line L and

v =(a, b, c)are components of a vector that is parallel to

the line L

Example:
Find the parametric equation of the line passing through po(1,3,2)



The parametric equation is

x=1+2t
y=3-t
z=2+3t
Example:
Find a vector equation and parametric equations for the line that
passes through the point (5, 1, 3) and is parallel to the vector
V=i+4j-2k.
Here Ty = (5, 1, 3) = 5i + j + 3k and V=i + 4j — 2Kk, so the vector
T=7g+tv

becomes
T = (5i +j + 3K) + t(i + 4j — 2K)
F=G+t)i+1+4t)j+3-20k

Parametric equations are
X=5+1 ,y=1+4t ,z=3-2t




Consider the parametric form equations for a line:
L:x=Xp+at ,y=y,+bt ,z=z+ct.
If a, b and c are all nonzero, we can solve each equation for t to get :

X—Xg

=t

a

Y—Yo =t

zZ—Zg

=t

line L, If we set:
X—X0 — Y—Yo — zZ—2Zp =t

a b c
If one or more of a, b and c is zero, we can still obtain symmetric

equations. For example, if a = 0, the symmetric equations are

X =Xg , =—2=t

Example:

Find the symmetric equation for line through point (1,-5,6) and is parallel to
vector (-1,2,-3)

Solution

Perpendicular (orthogonal) to the plane ( The vector 1 is called normal
Vector) is ax + by + cz = D;where D = ax, + by, + cz,

+ To find the equation of a plane inR3, we need to know:
1. A point on the plane Py(Xo, Yo, Zo).

2. A normal (perpendicular) vector to the plane.
Example:

Find the equation of plane through point (1,-1,1) and with normal
vector i+j-k




Solution

Given pointis (1,-1,1)
Here a=1,b=1,c=-1

We know that equation of plane is given by-:

ax + by + cz = D;where D = axy + by, + cz,
x+y—-z=1

Example: .

Find the equation of the plane with normal 7 = (1, 2, 7) which
contains the point Py (5, 3, 4)
Solution

The equation of plane is
X+2y+7z2=39

Example:

Determine the equation of the plane that contains the points
P1 =(11 -210)1P2 :(3111 4) 1P3 =(01 -11 2)

In order to write the equation of plane we need a point and a normal
vector , We need to find a normal vector.

Step 1

First convert the three points into two vectors by subtracting one
point from the other two

PP, =(3-1, 1-(-2), 4-0)=(2, 3, 4)
P.P;=(0-1, -1—(-2) ,2-0)=(-1,1,2)

Step 2

Find the cross product of the vectors found in Step 1. we know that the
cross product of two vectors will be orthogonal to both of these
vectors. Since both of these are in the plane any vector that is orthogonal to
both of these will also be orthogonal to the plane. Therefore, we can use the

cross product as the normal vector.

i j Kk
n=PP,xPP; =2 3 4|=2i-8j+5k
-1 1 2

Step 3



The coefficients a, b, and c of the planar equation are (2 -8 5), then
We can used any of the three points to find The equation of the plane >
2X — 2 -8y -16 +5z =0

2x -8y +5z =18

Example:

Find an equation of the plane which contains the points

P:(-1,0,1), P> (1,-2,1) and P3 (2, 0, -1).

Solution

Step 2
i j k
n=PP,xPP3 =(2 -2 0 |=4i+4j+6k
3 0 -2
Step 3
n=(4,4,6)

4X + 4 +4y +62-6 =0
4Xx +4y +6z =2



In two dimensions, two lines either intersect or are parallel; in three dimensions,
lines that do not intersect might not be parallel.
Two lines that are not parallel and do not intersect are called skew lines.

Example:
Show that the lines

Li:x=t,-1,y=t,+5,z=1
L2:X:t2—3,y:—t2+l,Z:t2+2
Intersect , and find the point of intersection .

Solution;
If they intersect, we can find a value of t; and t, that satisfy the equations
Xo=t1—1=t2—3 ------------------------- (1)
Yo=t +5=—t) + 1----m-mmmm - (2)
Zo = 1= t2 F 2 (3)

from equation (3)
1=L+2=t,=-1

From equation (1) or (2)
t,-1=t,-3
ty—1=-1-3 =t; = -4+1=-3
Then check whether the three sets of equations are satisfied by (t, t;)
Xo=t;—1=t,-3 =-3-1=-1-3 = -4=-4
Vo=t +5=-1,+1=-3+5=-(-D)+1=2=2



Zo=1=t,+2 = 1=-1+2 =1=1
The point of intersection (xo, Yo, 20) = (—4,2,1)

Example:

Let L, and L, be lines with parametric equations

L, :x=1+2t; ;y=3+2t4 ;z=2-14

L, :x=2+1 ' Yy=6-1, 12=-2+3t

Determine whether the lines are parallel, skew, or intersecting. If
they intersect, find the point of intersection

Solution:

The direction vectors are ¥; = (2; 2;-1) and v, = (1;-1; 3)
1_7)1 * C1_7)2
So these vectors are not parallel . Do they intersect
If there is an intersection point (Xo; Yo; Zo), We will find it by solving
the system of three equations in parameters t; and t,:

Xo= 1+ 2t = 2 + ) =---mmmmmmmmmmooeee 1)
YVo=3+21t;=6-1) - (2)
Zo=2-t,=-2+31t) ------mmmmmm—- (3)
solve the first two equation for t; , t, .
1+2t1=2+t2 --------------------- (1)
3+2t1=6't2 --------------------- (2)

Subtract equation (2) from equation (1) we get

-2 = -4+42t, = 2t, = -2+4

t =1

We can find t; by substituting this value of t, in either the first or second
equation

1+2t1:2+t2 :>1+2t1=2+1

2t1 =2 = t, = 1

Then check whether the three sets of equations are satisfied by (t,, t;)
Xo=1+2t;=2+t,= 1+ 2=2+1 = 3=3
y0=3+2t1=6-t2=>3+2=6-1$5=5

p=2-1=-2+3t,= 2-1=-243 =1=1
The point of intersection (xo, Yo, 20) = (3,5, 1)
Example:

Determine whether the lines
L, :x=1+2t; ;y=3t Z2=2-14
L, :x=-1+t, ;y=4+t, ;z=1+3t,
parallel, skew or intersecting.
Solution

The direction vectors are ¥, = (2, 3,-1) and v, = (1, 1, 3)
1_7)1 * CT_}Z



So these vectors are not parallel . Do they intersect
If there is an intersection point (Xo; Yo; Zo), We will find it by solving the system
of three equations in parameters t; and t,

Xo=1+2t; =-1+1, ------mmmmmmmmmmmme- (1)
Yo = 3t1= 4 + I, eeemmcmcccccmmcceeeee. (2)
Zo=2-t1=1+3t) - (3)

Let us solve the first two equations.

1+2t1 =-1+t2 ----------------------- (1)
3t =4+t - (2
subtract equation (2) from equation (1) we get
1-t1:-5=> t1:6

we can find t, by substituting this value of t; in either the first or second
equation

3t1 :4+t2
3(6) =4+t, = t,=18-4=14

Then check whether the three sets of equations are satisfied by (t,, t;)
X0=1+2t1 ='l+t2 :>1+2(6) =-1+14 =13 =13
Yo=3t;=4+1, = 3(6)=4+14 = 18=18
ZO=2't1=1+3t2 = 2'6=1+3(14) = -4 =43

The solution does not satisfy the third equation. So these lines do not
intersect, therefore, they are sk
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Let L be a line and let P be a point not on L. The distance d from P to L is the
length of the line segment from P to L which is perpendicular to L ,Pick a point
Poon L, and let w be the vector from P, to P. If 0 is the angle between w and v,
then

d=|w]sin 6.

v xw|= |v| [W|sin @

. UXW UXW
- [Wlsing =21y g = XVl
v v

r P

W id

2 L
] T
Example:

Find the distance d from the point P = (1,1,1) to the line

L:x==3+7t,y=1+3t, z= —-4-2t
Solution

The distanced from P to L :
|[UXW |
d=——
|V

UV=(7,3,72)

W=PoP=(1-(-3),1-1 ,1-(-4))=(4,0.5)

i j K
UXWw=|7 3 -—2|=15i-43j-12k
4 0 5

|v X w| =V152 + —432 + —122 =+/2218

V| =V72 +32 + —22=v49+ 9 + 4 =62

L _|[vxw| _ v2218 _
~d= B - ez =5.98




Find the distance d from the point P = (1, 4, -3 ) to the line
L : x=2+t, y=-1-t, z=3t

Solution
The distance d fromP to L :
|[vxw |
d=—7—
v
v=(1,1, 3)
W= PoP=(1-2, 4-(-1), -3-0)=(-15,-3)
i j K
vxw=|1 -1 3|=-12i-6j+6k
-1 5 -3

|9 x W| =/(—12)2 + —62 + 62 =216

P|=vV12+ -12+32=/1+1+9 =+/11

;

. d_|17x_“7|

216 _ 443
11

ﬁ‘

7

Nictance hehween hwn lineg

Let P, beapointand v; be adirection vector for a line L; and
let P, be point and v, be a direction vector for a line L, .

The distance between two parallel line
Ifv; xv, =00R vV, =cv, = L.l L,
— [v{XPP, |
[v1 |

The distance between two intersection line

|fv_1)xv_2)¢O&P1P2 (v—]_)xv_z)):O:}Lj_n L2
d=0
The distance between two skew line
If vy xv, # 0 & P,P,. (V] x V;) # 0= the two lines are skew
4= PP Gix) |

[v1x 2]

Example:
Find the distance d between the two lines:

1. g i x=1+2t, y=2+t, z=-3+3t
L, : x=2+10t, y=-2+5t, z=3+15t



2. Ly x=1+42t, y=2+2t, z=-3+3t
L, : x=2+t, y=-2-, z=3+T7t

3. Lp:x=1+t, y=1-2t, z=8+t
L, : x=3t, y=2+5t, z=8-8t

Solution
1. L1 : x=1+2t, y=2+t, z=-3+3t
L2 : x=2+10t, y=-2+5t, z=3+15t
The direction vectorsare v, =(2 ,1 ,3)and v, = (10, 5 ,15)
1—7’1 = 51—7’2
So these vectors are parallel

_ [v1xP1P; |

d=
w1
P,P,=(2-1,-2-2, 3-(-3))=(1 ,-4, 6)

i j Kk
vy xPP,=(2 1 3|=18i-9j-9k
1 —4 6

|v; X PyP, = | =182 + —9%2 + —92 = 9+/6

[v7]= V22 + 12 + 32 =/14

:ﬁ:

d Vi

59

2. Ly i x=142t, y=2+2t, z=-3+3t

L, : x=2+t, y=-2-, z=3+T7t

The direction vectorsare v; = (2,2, 3)andv,=(1,-1, 7)
Uy # CVy

So these vectors are not parallel

P,P,=(2-1, -2-2,3-(-3))=(1, -4, 6)

i j Kk
vixv;= 2 2 3|=17i-11j-4k
1 -1 7

P.P,. (U3 x V) = 1x 17 +(-4 x 11) +6 x (-4) = 17-44-24 =37 # 0

v, XV, #0& P, P,. (V] x ;) # 0= the two lines are skew
d = |[P1P2.(v1 X V2) |

[v1 x|




v x| =V172 + —112 + —42 =/426

Lo 13701 _ 37 _
..d——m——m 1.79

3.  Li:x=1+t, y=1-2t, z=8+t
L, : x=3t, y=2+5t, z=8-8t
The direction vectorsare v, =(1,-2, 1)and v, =(3, 5 ,-8)
U, # CV,
So these vectors are not parallel

P,P,=(0-1 ,2-1 ,8-8)=(-1, 1, 0)

i j k
ViXVU,= (1 =2 1(=11i + 11j +11k
3 5 -8

P.P,. (V] xV;)=-1x11+1 x11+0 x 11=0
V—>IXW¢O&P1P2(V_1)XV_Z))=O:L10 L2
~d=0

————
“ Distance between Point and Plane
—

The distance D between a point py, = (xg,¥0,29) and the plane;ax +
by+cz+d=0is

D__Iax1+by1+cZ1+d|

Ja?+b?+c?

Example:
Find the distance D from point (2,4,-5) to the plane

5x-3y+ z-10=0

Solution
D__lax1+by1+c21+d|_
Ja?+b?+c?
_ |5x—3y+2z-10] _|5(2)-3(4) +(-5)-10] |-17| 17 g7
- J524-32412 V35 V35 V35
Example:

Find the distance D from point(1, 6 , -1)to the plane



2X+y-22-19=0
Solution

D= la x1+byq1+cZq+d|
va2+b?+c?

_|2x+y-2z-19] [2(D+6-2(-1)-19] |

V212422 V9

—9|_9_3
9 3
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