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Chapter 1 

The rate of change of function. 

1.1 Cartesian coordinates in the plane 

Points in the plane can be identified with ordered pairs of real 

number. To begin, we draw two perpendicular coordinate lines that 

intersect at the 0-point of each line.   

 

  

These lines are called Coordinate axes in the plane  

 

 

 

 

 

 

          The Coordinate axis of this coordinate       

          or Cartesian plane divide the plane into 

          four regions called "quadrant"  

 

 

 

 

 

المستوى   

 الاحداثي

ي
عمود

 

ت
حداثيا

 ا



 Mathematical                                                      انمرحهة :الاونى
 

2 
 

1.1.1 Increment and straight line: 

When a particle moves from one point in the plane to another, the net 

changes in its coordinates are called increments. They are calculated by 

subtracting the coordinates of the starting point from the coordinates of the 

ending point. If x changes from  1x  to 2x  the increment in x is  12 xxx     

 

EXAMPLE 1: A Particle moves from A to B in coordinate plane. Find the   

                             increment  x  and  y   in the particles coordinate. 

 

 

 

Sol:    12 xxx              52 y       31 y  

        42              22 x        41 x  

        2  
  12 yyy   
                              )3(5   

                              8  
 

 

 

__________________________________________________________________ 

EXAMPLE 2:  A Particle starts at A ( -2, 3) and it’s coordinates change by   

                             increments  5x  and  6y  find its new position?  

 

Sol:    12 xxx      12 yyy   

                         12 xxx      12 yyy    

       )2(5                                 36   

        3                                                              3  
The new position  ( 3, -3) 

 

 التزايد )التغيير( والخط المستقيم

جسيم او شكل 

  

طة الثانية
 النق
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1.2 The slop of straight line: 

Any non-vertical line in the plane has the property that the ratio  

12

12

xx

yy

x

y
m









  has the same value for every choice of the two 

points and on the line. 

 

 

 

 

EXAMPLE 1 Plot the points and find the slope (if any) of the line they determine. 

1) A (-1 , 2)     B (-2 , -1) 

2) A (2 , 3)      B (-1 , 3) 

Sol 1) 

12

12

xx

yy

x

y
m









  

    3
1

1

12

21










  

       2)                     
x

y
m




  

  0
3

0

21

33








m  

__________________________________________________________________ 

EXAMPLE 2 Use slope to determine in each case whether the points are collinear 

(i.e. on a straight line) (هم توجذ علاقة خطٍة)  

1)    A (1 , 0)        B (0 , 1)         C (2 , 1) 

H.W     A (-3 , -2)      B (-2 , 0)       C (-1 , 2)    D (1 , 6) 

 

 ميل الخط المستقيم
12

12

xx

yy

x

y
m











 

mAB=mAC=mBC 
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Sol 

  1
10

01
AB 




m     1

12

01
AC 




m        0

02

11
BC 




m  

BCACAB mmm     A, B and are no collinear    

__________________________________________________________________ 

1.2 The angle of inclination 

 

The relationship between the slope m of a nonvertical line and the line’s angle of 

inclination   is shown in Figure. 

                    tan





x

y
m  

 

 

 

EXAMPLE 1 Find the slop of the line that make angle 60 with x- axis ? 

 

Sol    tanm  

                                       60tan  

                                       3  
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1.3.1 Parallel and perpendicular lines ) توازي وتعبمذ انخطوط( 

 

a) Lines that are parallel have equal angles of inclination, so they have the 

same slope    ) ارا كبن انمستقٍمبن متوازٌبن(  

 

 

21 L//L  , 21    

  21 mm   

         2. The slope of horizontal line is equal zero )0    )مٍم انخط الافقً هو صفر y  

b) If two lines are perpendicular, their slopes 1m  and 2m  satisfy ن ()ارا كبن انخطبن متعبمذا  

 121 mm  

   
2

1

1

m
m


  , 

1

2

1

m
m


  

__________________________________________________________________________________________ 

1.4 The slope form general equation  مه انمعبدنة انعبمة ()انمٍم  

 
cyBxA 

 

             B

A
m




 
EXAMPLE 1 Find the slope of the line 432  xy

 
Sol 

       432  xy                                          3A  ,  2B  

                423  yx  

                   B

A
m




 

                   2

3

2

)3(



m

 

 

 

 المعادلة العامة
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EXAMPLE 2 Find the slope of the normal line 132  yx ?

 
Sol 

       132  yx                                          2A  ,  3B  

               3

2
m

 

                 m    Perpendicular slope  

                
2

311

3
2





m
m  

__________________________________________________________________ 

EXAMPLE 3 Find the angle of inclination of the line 33  yx ? 

Sol  

1

3
m

  
tan3 

 

tanm
                  

)3(tan 1  
                          

60

 
__________________________________________________________________ 

EXAMPLE 4 Find the slope of a line perpendicular to  AB.  A (1 , -2)       B (2 , 1)   

Sol   

1

3

12

)2(1

12

12 















xx

yy

x

y
m

 

3m  

3

11


m
m  Perpendicular slope

 

 

 



 Mathematical                                                      انمرحهة :الاونى
 

7 
 

 

Equation of straight line: 

a) Point –slope equation (معبدنة وقطة ومٍم) 

We can write an equation for a nonvertical straight line L if we know its 

slope m and the coordinates of one point on it. 

1

1

xx

yy
m




   

)( 11 xxmyy 

 
)( 11 xxmyy 

 
The equation is the point - slope equation of the line that passes through the point

),( 11 yx  and has slope m. 

EXAMPLE: Write an equation for line passes through (-1 , 1) with slope 1m  
Sol 

1m    
)( 11 xxmyy 

   
1

1

1

1





y

x
 

))1(()1(1  xy  

11  xy  

11 xy  

xy   

_____________________________________________________________ 

b) Slope intercept equation 

A line with slope m and y-intercept b passes through the point (0, b), so it 

has equation. 

  
bxmy 

 

 معادلة الخط المستقيم

)( 11 xxmyy   
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EXAMPLE: Write an equation for line has slope 
4

5
  and y-intercept 6. 

Sol 

 
4

5
6  mb    6b    y-intercept 

 bxmy   

6
4

5
 xy  

______________________________________________________________ 

EXAMPLE: Write an equation for line passes through (-1 , 1) and has slope 0 . 

Sol 

 0m   p  (-1 , 1)  

)( 11 xxmyy   

))1((01  xy  

01y  

1y  

__________________________________________________________________ 

 

EXAMPLE : Write an equation for line passes through (5 ,- 1) and is parallel to 

the line 1552  yx ?. 

Sol 

1552  yx                1L  

5/21 m      slope 1L                                                                  1552  yx  

21 // LL

 
21 mm   

5/22 m  for  2L
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We have )5/2( and point (5 ,- 1)  

)( 11 xxmyy   

)5(5/2)1(  xy  

2)5/2(1  xy  

1)5/2(  xy  

_____________________________________________________________ 

EXAMPLE : Write an equation for line passes through (4, 10) and perpendicular 

to the line 1336  yx . 

Sol 

 1336  yx  1L  

 23/61 m     1L  

2m  (normal ) (perpendicular) 

1

2

1

m
m




 

2

1
2


m

 
 and  (4 , 10) 

)( 11 xxmyy   

)4(
2

1
10  xy  

102
2

1
 xy  

12
2

1
 xy  

Home work (H.W)  

1) Find the slope of the line 1
32


yx
? 

2) Find the equation of line that passes through P (2, -1) and parallel to the 

line 172  yx . 



 Mathematical                                                      انمرحهة :الاونى
 

10 
 

 

1.5 Distance between two points 

 

The distance between points in the plane is calculated with a formula that comes 

from relation. 

 

 

 

 

2
12

2
12 )()( yyxxd   

 

 

 

EXAMPLE 1: Find distance between the point (1, -3) and (4, 2) 

Sol  

 2
12

2
12 )()( yyxxd 

 

 22 ))3(2()14( 
 

 
259

 

34
 

EXAMPLE 2: Find distance between the point P (2, 1) and the line L 2 xy ? 

Sol 

2
12

2
12 )()( yyxxd 

 

We have 2 xy        (1) 

B

A
m


   2 yx  

المسافة بين نقطتين

2
12

2
12 )()( yyxxd 
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1
1

)1(



m  

m    perpendicular 
m

m
1

  

1m  

Equation of normal 

 )( 11 xxmyy   

 )2(11  xy  

 21  xy  

 3 xy     (2) 

 
3

2





xy

xy
 

52 y   2/5y  

32/5  x   2/1x  

 Q (1/2, 5/2) ,       P (2, 1) 

12.2)12/5()22/1( 22 d  

H.W 3: Find distance between the point P (4, 6) and the line L: 1234  yx ? 

_________________________________________________________________ 

 

Domain and Range: 

1. The set D  of all possible input values is call “Domain” 

2. The set of all values of )(xf as x varies throughout D  is called Range of the 

function. 

3. The domains fD and range fR  of many functions in mathematics are interval 

of real number are shown in figure.  

Root function 

General form kxfy  )(  

fD                     0)( xf
 

fR  we have two cases  

لا يجاد المسافة بين نقطتين يجب ان نجد النقطة 

 الثانية من خلال :               

. نجد ميل المستقيم الاول من المعادلة  ونقلبه1  

. نجد معادلة المستقيم الثاني                  2  

. نكون معادلتين ونحلهم انيا ونجد النقطة   3  

. نعوض النقطتين بقانون المسافة            4  

التي تجعل الدالة معرفة     x  الدومين هو جميع قيم 

 x الرنج هو النواتج المستخرجة عندما نعوض قيم 

الدالة الجذرية التربيعية تكون معرفة عندما 

 لا يكون تحت الجذر قيمة سالبة      
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1. If the value of fD
 
unbounded 

}:{ kyyR f 
 

Find domain fD  and range fR of 

EXAMPLE 1: xy   
Sol 

0x  
}0:{  xxD f     

}0:{  yyR f      

_____________________________________________________________ 

EXAMPLE 2: xy 1071   

Sol 

 0107  x  

 710  x  

710 x  

10/7x  

}10/7:{  xxD f     

}1:{  yyR f           

H.W 

Ex 3: xy  4  

Ex 4: xy 31  

Ex 5: 732)(  xxf  

________________________________________________________________ 

EXAMPLE3: 12  xy  
Sol 

012 x  

12 x  

الدالة الكسرية تكون معرفة دائما عندما 

 لايوجد في المقام صفر         
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1x  

1x  

1x   or  1x  

}1or  1:{  xxxD f     

}0:{  yyR f     

   
 

H.W : 92  xy  

_____________________________________________________________ 

2. If the value of fD  bounded )( axa    

 )0( ayR f   

 

EXAMPLE4: 24 xy   
Sol 

04 2  x  
42  x  

42 x  
2x  

}22:{  xxD f  
}20:{  yyR f  just positive 

H.W EX: 21 xy   

__________________________________________________________________ 

 

H.W  Ex: xy  1  

         Ex: 37  xy   

         Ex: xy 1  
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Relative function ) انذانة انعكسٍة( 

 General form 
)(

)(

xg

xf
y   

}0)(/{  xgRD f  

To find fR  rewrite function ))(( yfx   

Find domain fD  and range fR  

EXAMPLE 1: 
x

y
1


 
}0/{  xRD f  

fR
    x

y
1


 

     y
x

1


 

  }0/{  yRR f  

EXAMPLE 2: 
72

3




x
y  

Sol 

 072 x       

 72 x       

 2/7x       

}2/7/{  xRD f
    

To find fR  

72

3




x
y  

372  yxy  

yxy 732   

y

y
x

2

73


 

}0/{  yRR f
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H.W  Ex 3: 
1


x

x
y  

         Ex 4: x

x
y

71

33




  

         Ex 5:
 3

42






x

x
y   

________________________________________________________________ 

EXAMPLE 6:
 17

1




x
y  

Sol 

 
017 x

 

 
17 x

 

 
7/1x

 

 
}7/1:/{  xxRD f  

}0/{  yRR f  
 

 

Graphs of functions  ) رسم الدوال( 

 

Another way to visualize a function is its graph. If ƒ is a function with 

domain D, its graph consists of the points in the Cartesian plane whose coordinates 

are the input-output pairs for ƒ. 

 

 

 

 

EXAMPLE 1:Graph the function over the interval 22  x
 

1. 2 xy  

 

 

 

x Y 
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2. 2xy   

 

 

 

 

 

__________________________________________________________________ 

 

H.W  Ex 2:Graph the function over the interval 22  x  

 1. 12  xy  

2. 12  xy  

3. 21 xy   

4. 
21 xy   

 

 

 

 

 

Graphing piecewise –Defined function 

 

 Sometimes a function is described by using different formulas on different 

part of its domain: 

   

2 4 

1 3 

0 2 

-1 1 

-2 0 
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 EXAMPLE 1: Graph the absolute value function 
  

Sol 

 









0

0

xx

xx
x  

 

 

 

EXAMPLE 2: Graph the function 

















11

10

0

)( 2

x

xx

xx

xf  

 

 

 

 

 

 

 

__________________________________________________________________ 

 

 

H.W  Graph the functions 









212

10
)(

xx

xx
xf
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10: Limits and continuity ) انغبٌة والاستمرارٌة( 

Let )(xf  be defined on an open interval about x , except possibly 

at x  itself. The limit of )(xf  as approaches x  is the number L 

Lxf
xx




)(lim


.  

The limit of a function )(xf  as xx   never depend on what happen 

when xx   

Right hand limit Lxf
xx




)(lim
  

Left hand limit Lxf
xx




)(lim


  

A function )(xf has a limit at point x  if and only if the right and left hand 

limit at x exit and equal 

LxfLxfLxf
xxxxxx


 

)(limand)(lim)(lim


 

10.1 The Limit Laws: 

 If L, M, C and K are real number and  Lxf
cx




)(lim  ,  Mxg
cx




)(lim  

1) Sum rule    MLxgxf
cx




))()((lim  

2) Deference   MLxgxf
cx




))()((lim  

3) Product    MLxgxf
cx




))()((lim  

4) Constant multiple   Lkxfk
cx




))((lim  

5) Quotient rule   0,
)(

)(
lim 


M
M

L

xg

xf

cx
 

6) power rule  srsr

cx
Lxf //))((lim 


 

 

 

 



 Mathematical                                                      انمرحهة :الاونى
 

19 
 

EXAMPLE 1: Find the limit of the function  34)( 23  xxxf
 
at cx 

 
Sol: 

 
34)( 23  xxxf

 

3lim4limlim)34(lim 2323

cxcxcxcx
xxxx




 

34 23  cc
 

H.W  Ex 2: 
5

1
lim

2

24





 x

xx

cx  

H.W  Ex 3: 34lim 2

2



x

x
  

Find the limit of function 

a) The limit laws 

1. )4(lim
2x

 

2. )35(lim
2




x
x

 

3. 
5

43
lim

2 



 x

x

x
 

4. )32(lim 2

1



xx

x    

(To finding limits by calculating) 

5. 43lim 2

3



xx

x
 

6. 
2

2

3 42

1
lim

xx

xx

x 




 

7. )4(lim
13x
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b) Limit of Rational Function 

EXAMPLE 1: 211)1(lim
)1(

)1)(1(
lim

1

1
lim

11

2

1












x

x

xx

x

x

xxx  

Ex 2:
 4

2
lim

2
2 



 x

x

x  

Ex 3:
 3

9
lim

2

3 



 x

x

x  
 

Ex 4:
 2

16
lim

4

2 



 x

x

x
    

Ex 5:
 1

1
lim

1 



 x

x

x
 

Ex 6:
 4

43
lim

2

4 



 x

xx

x
 

Ex 7:
 45

16
lim

2

2

4 



 xx

x

x
 

Ex 8:
 25

65
lim

2

2

5 



 x

xx

x  

Ex 9:
 23

8
lim

2

3

5 



 xx

x

x  

Ex 10:
 8

16
lim

3

4

5 



 x

x

x  

Hint   ))(( 2233 babababa 
 

))(( 2233 babababa 
 

Ex 1 )42)(2()2()8( 2333  xxxxx  

 

 

Limit of Rational function can be 

found by substitution if the limit of 

denominator is not zero 
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c) Limit at infinity of Rational function 

Hint 

1) 


x
 

2) 0


x
 

3) 


0
 

If the value of x  

EXAMPLE 1: 
32

3

42

12
lim

xx

xx

x 




 

Sol: 

  

3

3

3

2

3

333

3

42

12

lim

x

x

x

x

x

xx

x

x

x

x





  

400

001

4
12

12
1

4
12

12
1

lim

3

32


























xx

xx
x

 

4

1

42

12
lim

32

3






 xx

xx

x
 

 

Ex 2: 
7232

1324
lim

47

35





 xxx

xxx

x
     ans (0) 

Ex 3: 
1

32
lim

2 



 xx

x

x
       ans (1) 

Ex 4: 
13

27
lim

2 



 xx

x

x
       ans (7/4) 

 

 

 

To find Limit we can divide the 

numerator and denominator by 

highest power of x in denominator  
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d) Limit of Root function 

If we have Root  number 

Root   Root 

EXAMPLE 1: Find limit of  
x

x 11 
  at 0x  

 Sol: 

  
1

)1(1
lim

11

1111
lim

00 











 xxx

x

x

x

x

x

xx
 

  
)101(

1

)11(

1

)11(
lim

)11(

11
lim

00 



















 xxx

x

xx

x

xx
 

  
2

1

)11(

1







 

H.W  Ex 2 nn
n




1lim 2

 

EXAMPLE 3:

 xx

xx

x 




2

1

21
lim

 

Sol: 

 xx

xx

xx

xx

xx

xx

xx 21

2121
lim

21
lim

2
1

2
1 














 

 )21)(1(

1
lim

)21)((

21
lim

121 xxxx

x

xxxx

xx

xx 









 

 )21(

1
lim

)21)(1(

)1(
lim

11 xxxxxxx

x

xx 










 

22

1

)1211(1

1
lim

1







x
 

 

H.W  Ex 4: 
24

23

0 163

85
lim

xx

xx

x 




 

H.W  Ex 5: 
44

33

0
lim

ax

ax

x 




 

 



 Mathematical                                                      انمرحهة :الاونى
 

23 
 

11. Continuity ) الاستمرارية( 

Continuous function: A function is continuous if it is continuous at each 

point of its domain. 

The Continuity test 

The function )(xfy   is continuous at cx    if and only if all three of following 

statement are true 

1. )(cf  exit  “c  in the domain of f ” 

2. )(lim xf
cx

 exit  “ f  has a limit at cx  ” 

3. )()(lim cfxf
cx


    

”The limit equal the function value”
 
 

Hint if f  continues at cx and g  continuous at cx  

1. gf   

2. fg   

3. gk   

4. gf /  

 

EXAMPLE 1: Determine if the following function is continuous at ?1x










1at2

1at53
)(

x

xx
xf

 

Sol: 

1) 2)1( f  

2) )53(lim)(lim
11




xxf
xx

 

2)5)1(3( 
 

)(lim)1(
1

xff
x


 

The function )(xf is not continuous at 1x   

 

……. continuous 
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H.W  Ex 2: Determine if the )(xf  is continuous at 3x  ? 












3at2

3at1
)(

2

2

xx

xx
xf

 

__________________________________________________________________ 

EXAMPLE 3: if 

















2at2

2at
2

1

)(

2

xx

x
x

x

xf  continuous at 2x ?

 

Sol: 

1) 2)(  xxf       at  2x  

422)2( f  

2) 
2

)2()2(
lim

2

4
lim)(lim

2

2

22 









 x

xx

x

x
xf

xxx
 

422)2(lim
2




x
x  

)2(lim)2(
2




xf
x  

)(xf is continuous
 

H.W  Ex 4: if 
1

3
)(

2 




x

x
xf

  

where is )(xf  continuous, and where it is 

discontinuous ?  

_____________________________________________________________ 

EXAMPLE 5: if 









24

232
)(

2

xx

xaxx
xf   find the value a if )(xf  

continuous.

 
Sol: 

1) 32)( 2  xaxxf       

3)2(22)2( 2  af  
af 47)2(   
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2) 6)42()4(lim
2




x
x

 

If )(xf  is continuous 

)4(lim)2(
2




xf
x  

647  a
 

4/114  aa  

______________________________________________________________ 

limit of trigonometric function ) غبٌة انذوال انمثهثٍة( 

1. 0sinlim
0




x
x     

0)0sin( 
 

 

2. 1coslim
0




x
x     

1)0cos(   

3. 0tanlim
0




x
x     

0)0tan(   

4. 1
sin

lim
0


 x

x

x
 

5. 1
sin

lim
sin

lim
00


 ax

ax

ax

ax

xx
 

6. 1
tan

lim
tan

lim
00


 ax

ax

ax

ax

xx
 

7. 0
cos1

lim
0




 x

x

x
 

 

 

EXAMPLE 1: Prove 0sinlim
0




x
x  

Sol:  0)0sin(sinlim
0




x
x

 

EXAMPLE 2: Prove 1coslim
0




x
x

  

Sol: 1)0cos(coslim
0




x
x

  

EXAMPLE 3: Prove 0tanlim
0




x
x

 

Sol: 0)0tan(tanlim
0




x
x
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EXAMPLE 6: Find the limit the following function 0at x
 

1) 
x

x5sin
  2) 

x

x

7

sin
  3) 

x

x3tan
 4) 

x

x

7

5sin
 5) 

)7tan(4

2

x

x
 

6) 
xx

x

22

2sin
  7) 

x

xx

5

2tan3sin 
  8) 

x

x

3tan

7sin
 9) 

xx

x

2sin

tan 2

 

10) ))cos(tan2/sin( x  

 

1) Sol: 

 
5

55sin
lim

5sin
lim

00 x

x

x

x

xx 


 

x

x

x 5

5sin
lim5

0


 

5)1(5 
 

3) Sol: 

3

33tan
lim

3tan
lim

00 x

x

x

x

xx 


 

x

x

x 3

3tan
lim3

0


 

3)1(3   
5) Sol: 

)7tan(4

2
lim

7

7

)7tan(4

2
lim

00 x

x

x

x

xx 


 

)7tan(

7
lim

7

1

4

2

0 x

x

x


 

)1(
28

2


 

14

1


 
6) Sol: 

12

1
lim

2sin
lim

)22(

2sin
lim

2

2sin
lim

00020 








 xx

x

xx

x

xx

x

xxxx  
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12

1
lim

2sin
lim

00 


 xx

x

xx  

12

1
lim

2sin
lim

2

2

00 


 xx

x

xx  

12

1
lim

2

2sin
lim2

00 


 xx

x

xx  

)
10

1
()1(2



 

2
 

7) Sol: 

x

x

x

x

x

xx

xxx 5

2tan
lim

5

3sin
lim

5

2tan3sin
lim

000 





 

x

x

x

x

xx 5

2tan
lim

2

2

5

3sin
lim

3

3

00 


 

x

x

x

x

xx 2

2tan
lim

5

2

3

3sin
lim

5

3

00 


 

5

1
)1(

5

2
)1(

5

3


 
9) Sol: 

2

2

0

2

2

0

2

0

2

2sin2

tan

lim
2sin

2

2

tan

lim
2sin

tan
lim

x

x
x

x

x

x

x
x

x

x

xx

x

xxx






















  

2

1

2

2sin
2

tan

lim

2

0
















x

x

x

x

x  
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Exercises 

Q1) Find the limits 

a) 
12

3
lim

2

1 


 x

x

x
 

b) xx
x

sinlim
2/

  

c) 
 


 1

cos
lim

x

x
 

Q2) Calculate limits using the limit laws 

a) 
2

23
lim

2

2

1 




 tt

tt

t
 

b) 
1

38
lim

2

1 




 x

x

x
 

c) 
1

1
lim

3

4

1 




 u

u

u
 

d) 
2

2

0

10100
lim

x

x

x





 

e) 
x

xx

x 




 2

4
lim

2

4
 

Q3) Using 1
sin

lim
0


 




 

Show that a) 0
1cosh

lim
0





 hh

 

        b) 
5

2

5

2sin
lim

0


 x

x

x
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Trigonometry function ) انذوال انمثهثٍة( 

Basic Algebra, Geometry and Trigonometry formulas 

Trigonometry formulas  

Definitions and fundamental identities 

Sine   



csc

1
sin 

r

y

 

Cosine  



sec

1
cos 

r

x
  

Tangent  



cot

1
tan 

x

y
  

  

 

opp

hyp
csc

hyp

opp
sin  

 

adj

hyp
sec

hyp

adj
cos     

opp

adj
cot

adj

opp
tan     
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The Basic Trigonometry function ) قوانين الدوال المثلثية( 

 








tan

1
cot

cos

sin
tan 

              





sin

1
csc

cos

1
sec    

 

Even  odd 

)cos()cos( xx 

 
)sec()sec( xx   

 

)sin()sin( xx 

 )tan()tan( xx 

 )csc()csc( xx 

 )cot()cot( xx   

 

1cossin 22  

               

(1) 

This equation, true for all values of 

 

is the most frequently used identity in 

trigonometry. Dividing this identity in turn by 2cos  and 2sin gives 
 





22

22

csccot1

sectan1





 

Addition formulas 

BABABA

BABABA

sincoscossin)sin(

sinsincoscos)cos(




            (2) 

  Double –Angle Formulas 





cossin22sin

sincos2cos 22




              (3) 

Additional formulas come from combining the equations 1cossin 22    and 

 22 sincos2cos   we add the two equations to get  2cos1cos2 2  and 

subtract the second from the first to get  2cos1sin2 2  . This results in the 

following identities, which are useful in integral calculus. 

 

2

2cos1
cos2 




                    (4) 
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2

2cos1
sin2 




                              (5) 

 

DEFINITION Periodic Function 

A function )(xf is periodic if there is a positive number p  such that )( pxf   for 

every value of x . The smallest such value of p  is the period of f . 

 

Periodic Trigonometric function 

Periodic   

 

 

Periodic 2  

 

xx tan)tan(   
xx cot)cot( 

  
xx sin)2sin(  

 xx cos)2cos(    
xx sec)2sec(    
xx csc)2csc(    

 
Graphs of the (a) cosine, (b) sine, (c) tangent, (d) secant, (e) cosecant, and (f) cotangent functions 

using radian measure. The shading for each trigonometric function indicates its periodicity. 
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Law of exponents 

 mnn mnmnmnmmmmnmnm aaaaabaabaaa )()()( /    

If 0a ,

 

 m

mnm

n

m

a
aaa

a

a 1
1, 0  

 

The Binomial Theorem for any positive integer  n

 
nnnnnnn bnabba

nnn
ba

nn
bnaaba 









  133221

321

)2)(1(

21

)1(
)(

For instant 
222222 2)(2)( babababababa   

3223332233 33)(33)( babbaabababbaaba   

 

 

Transcendental function 

1.1 Logarithm function 

 Definition xalog  

 Properties of Logarithm function 

 Rule of Logarithm function 

 Example 

1.2 Exponential function 

 Definition of 

 Properties and rule of Exponential function 

 Example 

 

1.3 Invers function 

 Example 
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1.1 Logarithm function 

Logarithms with Base a  

Definition xalog  

For any positive number 1a  xalog  is the inverse function of xa  . 

Example: xy 2log  reflecting the graph of xay   when 2a  as shown in Fig. 

So that mean 

xy alog  

xa y   

 

 

 

 

Inverse Equations for xa and xalog  

1. xa
xa 

log
  0x  

2. xax
a )(log   xall  

 

Rules for base a  logarithms for any numbers 0x  and 0y  

1. Product Rule: yxyx aaa logloglog   

2. Quotient Rule: yx
y

x
aaa logloglog   

3. Reciprocal Rule: y
y

aa log
1

log   

4. Power Rule: xyx a
y

a loglog   

Also 
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1. 1log aa  

2. 01log a  

3. 
a

x
xa

ln

ln
log   

4. 
a

x
xa

log

log
log   

5. 
10ln

ln
log

x
x  

 

 

EXAMPLE 1: Prove that 
a

x
xa

ln

ln
log   

Proof:  xa
xa 

log
 

lntak   xa
xa lnln

log
    using properties  

xaxa lnlnlog   

   
a

x
xa

ln

ln
log   

EXAMPLE 2: Calculate 
30log

1

30log

1

310

  

Sol: 

 

3ln

30ln

1

10ln

30ln

1

3log

30log

1

10log

30log

1
 or  

 
30ln

3ln10ln

30ln

3ln

30ln

10ln 
  

 1
30ln

30ln

30ln

)310ln(
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EXAMPLE 3: Evaluate 

1. )3(log22  

Sol: xa
xa 

log
 

 
32

)3(log2   

2. 7
10 )10(log   

Sol:  

xax
a  log)10(log 7

10  

7)10(log 7
10   

3. 2)4/1(log2   (H.W) 

4. xn
a

x
n

a

x
x a

n
n

a log
ln

ln

ln

ln
log   

EXAMPLE 4: If xy 3log  find the value of x  

Sol: 

 xaxy y
a  log  

 yy xx 33   

EXAMPLE 5: calculate 8log4y  

Sol: 

 

84  yyax  

                              
32 22 y
 

                              2/332  yy  

H.W  Ex 6: Calculate 

1. 8log2y  

2. 49log7y  
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EXAMPLE 7: Find the value of x  

1. 4log3 x  

Sol: 

 xxa y  43  

                           81x  

2. 6log64 x    (H.W) 

3. x)125/1(log5       (H.W) 

 

H.W  Ex 8: Find value of y  

1. 75
7log5  yy    2. 236log6  yy  

3. 2)9/1(log3  yy    4. 2/13log3  yy  

5. 3/2)4(log 3/2
4  yy   6. 2/1)/1(log  yxy x  

Exponential function 

constant:aay x    

718.2 eey x  

Properties and rule of Exponential function 

1. yxyx eee   

2. yxyx eee /  

3. nxnx ee )(  

Rule 

1. 1ln e  

2. 01ln   

3. ueueu  lnln  

4. 101ln  ee  

5. ue u ln
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EXAMPLE 1: Solve for )1ln(2ln   xxy ee  

Sol: 

 )1ln(2ln   xxy ee  

)1(2ln  xee xy
 

)1(2  xey x
 

xexy 2/)1(   

 

1.2 Invers function 

IF  yxxy sinsin 1    

OR xyyx 1sinsin   

EXAMPLE 1: Prove that xx 11 sin)(sin    

Sol: 

 Let )(sin 1 xy    

       yx sin  

       yx sin  

      )(sin 1 xy   

 

EXAMPLE 2: Prove that )/1(cossec 11 xx    

Sol: 

 Let xy 1sec  L.H.S 

       yx sec  

       yx cos/1  

    yx cos/1   

    )/1(cos 1 xy   

So )/1(cossec 11 xx    R.H.S 
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Hyperbolic Function 

Definition of hyperbolic function 

1. 
2

)(
)(

2

1
sinh

xx
xx ee

eex


 
  

2. 
2

)(
)(

2

1
cosh

xx
xx ee

eex


 
  

3. 
)(

)(

cosh

sinh
tanh

xx

xx

ee

ee

x

x
x








  

4. 
)(

)(

sinh

cosh
coth

xx

xx

ee

ee

x

x
x








  

5. 
)(

2

cosh

1
sechx

xx eex 
  

6. 
)(

2

sinh

1
cschx

xx eex 
  

  Derivatives 

Rule of Derivatives: Let c  and n  are constant, u , v  and ware differentiable 

function of x : 

1.  0c
dx

d
 

2. 
dx

du
unu

dx

d nn 1  

3. 
dx

du

uudx

d
2

1
)

1
(   

4. 
dx

du
cuc

dx

d
  

5. 
dx

du
v

dx

dv
uvu

dx

d
 )(   and   dx

du
wv

dx

dv
wu

dx

dw
vuwvu

dx

d
 )(  
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6. 
2

)(
v

uv

v

u

dx

d dx
dv

dx
du 

   where 0v  

EXAMPLE 1: Find 
dx

dy
for the following function. 

1. 52 )1(  xy  

Sol:    52 )1(  xy  

 )2()1(5 42 xxy   

 
42 )1(10  xxy  

2. 
2

1
2

2






xx

x
y  

Sol: 

 
22

22

)2(

)1()12()2(2






xx

xxxxx
y  

22

2

22

2323

)2(

12

)2(

122422











xx

xx

xx

xxxxxx
y  

H.W  Ex 3: 
42

3412

xxx
y   

H.W  Ex 4: 523 )632(  xxxy  

H.W  Ex 5: 
2

1
2

2






xx

x
y

 

EXAMPLE 6: 
1

12






x

x
y

 
Sol:  

 
2

2

2

22

2

2

)1(

12

)1(

122

)1(

)1()2()1(
















x

xx

x

xxx

x

xxx
y  

EXAMPLE 7: 3/23 2 xyxy 
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            3/1

3

2  xy  

The chain rule 

1. Suppose that fgh   is the composite of the differentiable functions 

)(tgy   and )(tfx  , then h  is a differentiable function of  x  whose 

derivative at each value of x is 

dt

dx

dt

dy

dx

dy
  

EXAMPLE 1: Find 
dx

dy
 if  

1

1
2 


t

y

 
, 14  tx  

Sol: 

 
12 )1(  ty , 14  tx  

2/1

12

)14(

)1(
/








t

t

dt

dx

dt

dy

dx

dy

dt
d

dt
d

 

2/1

22

2/1

2
1

22

)14(2

)1(2

4)14(

)2()1(


















t

tt

t

tt
 

2/1

22

)14(

)1(









t

tt
 

2. If y  is a differentiable function of  t  and t  is a differentiable function of  x

,then y  is a differentiable of  x : 

)(and)( xfttgy   

 

     
dx

dt

dt

dy

dx

dy
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EXAMPLE 1: Use the chain rule to express
dx

dy
 in terms of x and y   

               
12

2




t

t
y

  
,  2/1)12(12  xxt  

 
 
 
 
 
 
Sol: 

 )2()12(
2

1

)1(

)2(2)1( 2/1

22

22





 x

t

tttt

dx

dt

dt

dy

dx

dy
 

 2/1

22

33

)12(
)1(

222 



 x

t

ttt
 

 
12

1

)1(

2
22 





xt

t
  sub t   

 
22 )22(

2

12

1

)112(

122












xxx

x
 

EXAMPLE 2: Use the chain rule to express
dx

dy
 in terms of x and y   

               

2

1

1














t

t
y , 2at1

1
2

 t
t

x  

Sol: 

dx

dt

dt

dy

dx

dy
  


dtdx

dtdy

dx

dy

/

/
 

2

1

1














t

t
y  

2)1(

)1(1

1

1
2


















t

tt

t

t

dt

dy
 

3)1(

)1(4






t

t

dt

dy
 

27/4
)12(

)12(4
3

2







tdt

dy
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1
1
2


t
x  

4/1
2
3

2





 tdt

dx

t

 

27/16)4/1(27/4 
dt

dx

dt

dy

dx

dy
 

Higher derivative 

If a function )(xfy   possesses a derivative at every point of some interval. We 

may   form the function )(xf   and take about its derivate if it has one. 

)()(
2

2

xf
dx

d

dx

dy

dx

d

dx

yd
  

This derivative is called the second derivative of y with respect to x . In some 

manner we may define third and higher derivatives using similar notations.   

 

EXAMPLE 1: Find all derivatives of the following function.  

              10743 23  xxxy  

Sol: 

 789 2  xxy  

 818  xy  

 18y  

 0y  

EXAMPLE 2: 

       2/3131
xxyx

x
y    

Sol: 

 2/1

2 2

31
x

x
y   
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 2/1

3 4

32  x
x

y  

 2/3

4 8

36  x
x

y  

 
34

8

36

xx
  

Implicit derivative  

If the formula of f  is an algebraic combination of power of x  and y .To calculate 

the derivative of the implicitly defined functions. We simply differentiable both 

sides of the defining equation with respect to x . 

 EXAMPLE 1: Find 
dx

dy
for the following function. 

1. 2222 yxyx   

Sol: 

 yyxxyyyx  2222 22

 
 22 2222 xyxyyyyx 

 
 22 22)22( xyxyyxy 

 

 
yyx

xyx

yyx

xyx
y











2

2

2

2

22

22

 

2. 2
2






yx

yx
 

Sol: 

 yxyx  42
 

 yy  142
 

 yy  412
 

 y 31
 

 3/1y
 

3. 252  yxxy
   

)2,3(at  

Sol: 
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 052  yyyx
 

 2)5(  yxy
 

 2
2

4

)53(

)22(

)5(

)2(

















x

y
y  

 

Trigonometric function 

1. usin      
dx

du
uu

x

d
cossin   

2. ucos      
dx

du
uu

x

d
sincos   

3. utan      
dx

du
uu

x

d 2sectan   

4. ucot      
dx

du
uu

x

d 2csccot   

5. usec      
dx

du
uuu

x

d
tansecsec   

6. ucsc      
dx

du
uuu

x

d
cotcsccsc   

EXAMPLE 1: Prove that 
dx

du
uu

x

d 2sectan   

Sol: 

  
u

u

x

d
u

x

d

cos

sin
tan   

  
dx

du

u

uuuu
2cos

)sin(sincoscos 
  

  
dx

du

u

uu
2

22

cos

sincos 
  

  
dx

du
u

dx

du

u

2

2
sec

cos

1
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EXAMPLE 2: Prove that 
dx

du
uuu

x

d
tansecsec   

Sol: 

 
dx

du
u

uudx

d
u

x

d
)sin(

cos

1

cos

1
sec

2
  

 
dx

du

uu

u

cos

1

cos

sin
  

 
dx

du
uu tansec  

EXAMPLE 3: Find 
dx

dy
 for the following function 

1. )3tan( 2xy   

Sol: 

 )3(sec6)6()3(sec 2222 xxxx
dx

dy
  

2. 2)cot(csc xxy   

Sol: 

 )csccotcsc()cot(csc2 2 xxxxx
dx

dy
  

 2)cot(csccsc2 xxx   

Hint: 

1. uy nsin     
dx

du
uuny n cossin 1  

2. uy ncos     
dx

du
uuny n )sin(cos 1  

 

3. uy ntan     
dx

du
uuny n 21 sectan   

4. uy ncot     
dx

du
uuny n )csc(cot 21  

 

5. uy nsec     
dx

du
uuuny n )tan(secsec 1  
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6. uy ncsc     
dx

du
uuuny n )cotcsc(csc 1  

 

EXAMPLE 1: Find 
dx

dy
for the following function. 

1. )(costan2 xy   

)sin()(cossec)tan(cos2 2 xxxy   
 

xxy 44 tansec   

xxxxxy 233 sectan4tansecsec4   

xxxx 234 sectan4tansec4   

)tan4tansec4(sec 322 xxxx   

2. xx  )2/tan(2  

1)2/1()2/(sec2 2  xy  

1)2/(sec2  x  

)2/(tan2 xy   

3. xy 3cot  

1)csc(cot3 22  xxy  

xxy 22 csccot3  

4. 0)tan(  yxx  

)()(sec1 2 yyxxy   

1)(sec)(sec 22  yxyyxxy  

))(sec1()(sec 22 xyyxyyx 
 

)(sec

))(sec1(
2

2

xyx

xyy
y


  

)(cossec)tan(cossin2 2 xxxy 
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5. 
2

cos
2

sin2
x

x
x

y   

)
2

cos
2

1
)

2
sin((

2

1

2
cos2

xx
x

x
y   

2
sin

22
cos

2
sin

22
cos

xxxxxx


 
 

 

 

Transcendental function derivative 

1- Logarithm function   انذانة انوغبرتٍمٍة  

(1) If xy ln    
dx

du

u
u

dx

d 1
ln   

EXAMPLE: xy ln   

         
x

y
1

  

(2) 
dx

du

uaa

u

dx

d
u

dx

d
a

1

ln

1
)

ln

ln
(log   

EXAMPLE: 
a

x
xy a

ln

ln
log    xa

y
1

ln

1
  

(3) If 
x

y
x

xy
1

10ln

1

10ln

ln
log   

dx

du

u
u

dx

d

10ln

11
log   

EXAMPLE 1: )secln(sin xxy   

     
xx

xxx
y

secsin

tanseccos




  

EXAMPLE 2: Find 
dx

dy
  for the following function: 
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1. xey 10log  

Sol:  

 eyexy 1010 loglog   

 

2. 2
5 )1(log  xy  

Sol: 

 
5ln

)1ln(
2)1(log2 5




x
yxy  

 
5ln)1(

1
2




x
y  

3. 32
2 )13(log  xy  

Sol: 

 
2ln

)13ln(
3)13(log3

2
2

2




x
yxy

 

2ln)13(

18

2ln)13(

6
3

22 





x

x

x

x
y  

4. 1lnln  yxy

    

find

 

y  

Sol: 

 0
11

 y
yx

y

 

xy
y

1
)

1
1( 

 

xy

y
y

1
)

1
( 




 

)1( 


yx

y
y

 

5. )13ln()sin(ln 2  xxy  

Sol: 
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13

321
)cos(ln

2 




xx

x
y

y
y  

13

)32(
)cos(ln

2 




xx

xy
yy  

)13()cos(ln

)32(
2 




xxy

xy
y

 
 ملاحظة ٌمكه استخذاو انذانة انوغبرتٍمٍة فً اٌجبد مشتقة انذوال انمعقذة او انذوال الاسٍة

 

EXAMPLE 7:  Find 
dx

dy
  for the following function: 

1. xxy   

Sol: 

 xxy lnln 
 

xxy lnln 
 

)ln1(ln
11

xyyx
x

xy
y

  

2. xxy tan  

Sol: 

 xxy lntanln 
 

xx
x

xy
y

lnsec
1

tan
1 2  

)lnsec
tan

( 2 xx
x

x
yy   

 

3. xxxxxy cotseccostansin  

Sol: 

 )cotseccostanln(sinln xxxxxy   

xxxxxy cotlnseclncoslntanlnsinlnln   
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x

x

x

xx

x

x

x

x

x

x
y

y cot

csc

sec

tansec

cos

sin

tan

sec

sin

cos1 22 



  

)
cot

csc
tantan

tan

sec
(cot

22

x

x
xx

x

x
xyy 

 

)tancsccotsec(cot 22 xxxxxyy   

 

4. 

3/1

2
3

2 )1()1(

sin

)1()1(

sin















xx

xx
y

xx

xx
y  

Sol: 

)1()1(

sin
ln

3

1
ln

2 


xx

xx
y

 

))]1ln()1(ln(sinln[ln
3

1
ln 2  xxxxy

 

]
)1(

2

)1(

1

sin

cos1
[

3

11
2 





x

x

xx

x

x
y

y  

)
)1(

2

)1(

1
cot

1
(

3 2 





x

x

x
x

x

y
y  

 

 

2- Exponential function If is u  any differentiable function of x  then: 

1) 
dx

du
aaa

dx

d uu ln  

2) 
dx

du
ee

dx

d uu   

EXAMPLE 7:  Find 
dx

dy
  for the following function: 

1. xy 32  
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2ln323xy   

2. xx yy 22 2)2(   

2ln2)2(2ln2 122  xxy  

3. 
2

2xxy   

)12ln2(22)2(2ln2 2222

 xxxy xxx

 

4. 
2/122 )51(51 xx eey    

2

)51(2/12)51(

51

5
)10()51(

2

1 2/122/12

x

x
exxey xx


   

5. xey 7  

xey 77  

6. xey tan  

xey x 2tan sec  

7. xy tan3  

xy x 2tan sec33ln  

 

8. 
2

2xxy   

22

2)2(22ln xx xxy   

9. xxyxe yx tansin)ln( 22)(   

xx
yx

yyx
ye yx 2

22

)( seccos
22

)1( 





 

xx
yx

yy

yx

x
yee yxyx 2

2222

)()( seccos
22
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)(2

2222

)( seccos
22 yxyx exx

yx

x

yx

yy
ye  







  

)(2

2222

)( seccos
2

)
2

( yxyx exx
yx

x

yx

y
ey  





  

)
2

(

seccos
2

22

)(

)(2

22

yx

y
e

exx
yx

x

y
yx

yx












 

10.  
yx xy   

yx xy lnln   

xyyx lnln   

yx
x

yy
y

y
x 


ln

1
ln  

y
x

y
xyy

y

x
lnln   

y
x

y
x

y

x
y ln)ln(   

x
y

x

y
x

y

y

ln

ln




  

Inverse function 

1. Trigonometric function 

(1)  
dx

du

u
u

x

d

2

1

1

1
sin


  

(2)  
dx

du

u
u

x

d

2

1

1

1
cos


  

(3)  
dx

du

u
u

x

d
2

1

1

1
tan
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(4)  
dx

du

u
u

x

d
2

1

1

1
cot


  

(5)  1
1

1
sec

2

1 


 u
dx

du

uu
u

x

d
 

(6)  1
1

1
csc

2

1 


 u
dx

du

uu
u

x

d
 

 

EXAMPLE 1: Prove that 
2

1

1

1
sin

x
x

x

d




 
Proof: 

Let  xy 1sin

 
yx sin

 

)(sin y
x

d
x

dx

d


 

dx

dy
ycos1

 

ydx

dy

cos

1


  

ydx

dy

2sin1

1




  

21

1

xdx

dy




  

EXAMPLE 2: Prove that 
2

1

1

1
tan

x
x

x

d




 
Proof: 

Let  xy 1tan

 
yx tan

 

)(tan y
x

d
x

dx

d


 

1cossin 22  yy  

yy 22 sin1cos   

yy 2sin1cos   

21cos xy   
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dx

dy
y2sec1

 

ydx

dy
2sec

1


  

ydx

dy
2tan1

1




  

21

1

xdx

dy




  
 

EXAMPLE 3: If )(tan 21 xxy  

 find 
dx

dy
 

Sol: 

 
222 )(1

12

1

1

xx

x

u
y







  

 

EXAMPLE 4: If )ln(sin 1 xy  find y  

Sol: 

 
22 )(ln1

/1

1

1

x

x

u
y





  

 

EXAMPLE 5: )3(tan 1 xey


  find y     

Sol: 

 
2

)3(tan

)3(1

31

x
ey x






 

EXAMPLE 6:  )tanln( 1sin 1

xey x 


 

Sol: 

 
xe

xx
e

y
x

x

1sin

22

sin

tan

1

1

1

1

1

1











 

EXAMPLE 7: If   2/tan/2cot 11 xxy    

yy 22 sectan1   
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Sol: 

 
22

2

)2/(1

2/1

)/2(1

)/2(

xx

x
y







  

22

2

)2/(1

2/1

/41

/2

xx

x
y





  

EXAMPLE 8: If )
1

1
(sin 1




 

x

x
y

 
find

 
y

 
 

Sol: 

2

2

2

2

)
1

1
(1

)1(

11

)
1

1
(1

)1(

)1()1()1()1(























x

x

x

xx

x

x

x

xx

y

 

 

2

2

)
1

1
(1

)1/(2









x

x

x
y

 

EXAMPLE 9: If )5(sec 1 xy  find y  

Sol: 

1255

5

2 


xx
y

 
 

 

EXAMPLE 10: If  xxy 1secln   find 
dx

dy
 

Sol: 

)ln(sec
sec

1

1

1

1

2

x
x

xxxy 




 

)ln(sec
sec1

1 1

12
x

xx
y 







 
 

EXAMPLE 11: )2(sin 1

3 xy


  y find  
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Sol: 

2

)2(sin

41

2
33ln

1

x
y x






 
 

 

Hyperbolic function 

If u is any differentiable function of x  

1. 
dx

du
uu

x

d
coshsinh   

2. 
dx

du
uu

x

d
sinhcosh   

3. 
dx

du
uu

x

d 2hsectanh   

4. 
dx

du
u

x

d 2hcsccoth   

5. 
dx

du
uuu

x

d
tanhhsechsec   

6. 
dx

du
uuu

x

d
cothhcschcsc   

 

EXAMPLE 1:  Find 
dx

dy
  for the following function: 

1. )coth(tanxy   

Sol: 

 xxy 22 sec)(tanhcsc
 

2. )(tanhsin 1 xy   

Sol: 

 x
x

x

x

x
y hsec

hsec

hsec

tanh1

hsec

2

2

2

2
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3. 2/tanhln xy   

Sol: 

 

2/cosh

2/sinh
2/cosh

1

2

1

2/tanh

1/2)(x/2hsec 22

x

x
x

x
y 




 

 
hxcsc

sinh

1

2/cosh2/sinh2

1





xxx
y

 

4. xxxy 2cosh2sinh
2
1  

Sol: 

 22sinh2sinh22cosh
2
1  xxxxy

 

 
xxy 2cosh2

 

5. xy 3hsec  

Sol: 

 )tanhhsec(hsec3 2 xxxy   

 )tanhhsec3 3 xxy   

 

6. xy 2hcsc  

Sol: 

 )cothhcsc(hcsc2 xxxy 
 

xxy cothhcsc2 2
 

EXAMPLE 2: Prove that 
dx

du
uu

x

d 2hsectanh 
 

Sol: 

 )
cosh

sinh
(tanh

u

u

x

d
u

x

d


 

 
u

uuuu
dx
du

dx
du

2cosh

sinhsinhcoshcosh 
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dx

du

uu

uu
dx
du

22

22

cosh

1

cosh

)sinh(cosh





 

dx

du
uu

x

d 2hsectanh 
 

EXAMPLE 3: Prove that 
dx

du
uuu

x

d
tanhhsechsec 

 
Sol: 

 
dx

du
u

uudx

d
sinh

cosh

1

cosh

1
2


 

         dx

du
uu tanhhsec  

 

The Inverse hyperbolic function If is u  any differentiable function of x  then: 

1.  
dx

du

u
u

x

d

2

1

1

1
sinh


  

2. 
dx

du

u
u

x

d

1

1
cosh

2

1


  

3. 1
1

1
tanh

2

1 


 u
dx

du

u
u

x

d
 

4.  1
1

1
coth

2

1 


 u
dx

du

u
u

x

d
 

5.  
dx

du

uu
u

x

d

2

1

1

1
hsec




  

6. 
dx

du

uu
u

x

d

2

1

1

1
hcsc
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EXAMPLE 1: Find 
dx

dy
for the following function. 

1. )(sechcos 1 xy   

Sol: 

 x

xx

x

xx
y

22 tan

tansec

1)(sec

tansec





 

 

0tanwheresec
tan

tansec
 xx

x

xx
y  

2. )(coshtan 1 xy   

Sol: 

 x
x

x

x

x
y csc

sin

sin

cos1

sin
22










 

3. )(sechcot 1 xy   

Sol: 

x
x

xx

x

xx
y csc

tan

tansec

sec1

tansec
22







  

4. )2(sinhsec 1 xy   

Sol: 

 02where2csc2
2cos2sin

2cos2

2sin12sin

2cos2

2






 xx

xx

x

xx

x
y

 
 

EXAMPLE 2: Verify the following formulas: 

1. 
dx

du

u
u

x

d

1

1
cosh

2

1


  

Sol: 

 Let uy 1cosh

 
yu cosh
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dx

dy
y

dx

du
sinh

 

dx

du

ydx

dy
y

sinh

1


 

1sinh1sinhcosh 2222  yuyy

 
1sinh 2  uy

 

dx

du

udx

dy





1

1

2
 

 

2. 
dx

du

u
u

x

d
2

1

1

1
tanh


  

Sol: 

Let uy 1tanh

 
yu tanh

 

dx

dy
y

dx

du 2hsec

 

dx

du

ydx

dy
2hsec

1


 

22222 1htan1hsec1htanhsec uyyyy 

 

dx

du

udx

dy
21

1




 

dx

du

u
u

x

d
2

1

1

1
tanh


 

 

 

 مراجعة

 ((اسئهة اضبفٍة))



 Mathematical                                                      انمرحهة :الاونى
 

61 
 

EXAMPLE 1: Find 
dx

dy
 for the following function. 

1. bmxy   

Sol: 

 my   

2. 
x

y
1

  

Sol: 

 
2

1

x
y


  

3. 
1


x

x
y  

Sol: 

 
22 )1(

1

)1(

)1()1()1(











xx

xx
y

 

4. xy   

Sol: 

 
x

xyxy
2

1

2

1 2/12/1  

 

EXAMPLE 2: Find the value of the derivative. 

1. 
1tdt

ds
 if  231 ts    

Sol: 

 t
dt

ds
60    6)1(6

1


tdt

ds
 

 

 

2. 
3xdx

dy
   

x
y

1
1    11  xy  

Sol: 
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 )()1(0 2 x
dx

dy
 

 
2

1

xdx

dy
    

3

1

)3(

1
2

3


xdx

dy
 

3. 
0d

dr
   if 




4

2
r    2/1)4(2  r  

Sol: 

 )1()4()2(
2

1 2/3  
d

dr
 

 8
4

1
2/3

0


d

dr
 

EXAMPLE 3: Find the derivative of 
1

1
2

2






t

t
y

 

Sol: 

 
22

22

)1(

)2()1()2()1(






t

tttt

dt

dy

 

22 )1(

4




t

t

dt

dy
 

EXAMPLE 4: Find an equation for the tangent to the curve 
x

xy
2



 

at the point 

)3,1(   

Sol: 

 
2

2
1

xdt

dy 
  

The slope at 1x

 

121
]

2
1[ 


xx x
y

 

121   

1m
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The line through )3,1( with slope 1m  

)1()1(3  xy

 
31 xy

 
4 xy

 
EXAMPLE 5: Find higher derivatives 23 23  xxy

 
Sol: 

 First  xxy 63 2   

Second 66  xy  

Third  6y   

Fourth 0y  

EXAMPLE 6: Find 
dx

dy
 for the following Trigonometric function. 

1. 
x

x
y

sin
  

Sol: 

 
22

sincos)1(sincos

x

xxx

x

xxx
y







 

2. xxy sin2  

Sol: 

 xxxxy sin2cos2 

 

3. xxy cossin  

Sol: 

 xxxxy coscos)sin(sin   

 xxy 22 sincos   

 

4. 
x

x
y

sin1

cos


  

Sol: 
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2)sin1(

)cos(cos)sin()sin1(

x

xxxx
y




  

 
22

22

)sin1(

sin1

)sin1(

cossinsin

x

x

x

xxx
y









  

 
xsin1

1


  

5. If xy 2sec  find y   

Sol: 

 xxy tansec  

 xxxxxy tantansecsecsec 2   

xxxy 23 tansecsec   

6. Find the slope of the line tangent to the curve xy 5sin

 

at point where  

3/x   

Sol: 

 xx
dt

dy
cossin5 4

 

32

45

2

1
)

2

3
(5 4

3/


xdx

dy

   2/33/sin

2/13/cos









 

7. If 32  tx and 12  ty  Find the value of 
dx

dy
 at  6t  

Sol: 

t
t

dtdx

dtdy

dx

dy


2

2

/

/
 

6
dx

dy
 6t  

 

8. Find 
dx

dy
 if  xy 2  

Sol: 

Hint: Note that we are also able to find 
dx

dy
as a function of x  

32  tx   12  ty  
tx 23  

2

3


x
t     
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 12 yy  

 
y

y
2

1
  

9. Find the slope of circle 2522  yx at the point )4,3(   

Sol: 

 022  yyx  

 
y

x
y

y

x
y 




2

2
 

 
4

3

4

3
)4,3(







y  

10.  Find 
dx

dy
 if xyxy sin22   

Sol: 

 )(cos22 yyxxyxyy   

 xyyxyyxxyy coscos22   

 xyyxxyyxyy cos2cos2   

 xyyxxyxyy cos2)cos2(   

 
xyxy

xyyx
y

cos2

cos2




  

11.  Find 5/1)(cos x
dx

d
  

Sol: 

 )sin()(cos
5

1 5/6 xx  

 

 

5/6)(cossin
5

1 xx
 

12.  Find x
dx

d
2ln  

Sol: 
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xx

x
dx

d

x
y

1
2

2

1
)2(

2

1
  

13. Find )3ln( 2 x
dx

d
 

Sol: 

 
1

2
)2(

1

1
22 





x

x
x

x
y  

 

14. Find rx
dx

d
ln  

Sol: 

 11  r

r
rx

x
y  

 
x

r
xxr

x
y r

r
 11

 

15. Find 
dx

dy
if 1

1

)3()1( 2/12





 x

x

xx
y  

Sol: we take natural logarithm of the both side 

1

)3()1(
lnln

2/12






x

xx
y  

 )1ln()3ln()1ln(ln 2/12  xxxy  

)1ln()3ln()1ln(ln
2
12  xxxy  

)1(

1

)3(

1

2

1

)1(

2
2 










xxx

x

y

y
 

)
1

1

62

1

1

2
(

2 








xxx

x
yy  

 

16.  Find 
dx

dy
if   1) xey 5   2) xey    3) xey sin  

Sol: 
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1) xey 5  

2) xey   

3) xey x cossin  

17. Find 
dx

dy
if   1) 2xy    2) )3sin2( xy   

Sol: 

1) 122  xy  

2) 3)3(cos)3sin2( 1   xxy   

)3(cos)3sin2(3 1 xxy    
 

18.  Find 
dx

dy
if   1) xy 3   2) xy  3   3)  

xy sin3  

Sol: 

1) 3ln3xy   

2) 3ln3xy   

3) xy x cos)3(ln3sin  

19.  Find 
dx

dy
if   0 xxy x  

Sol: 
xxy lnln    

xxy lnln   

 )ln
1

( x
x

x
y

y



 

 )ln1( xyy   

)ln1( xxy x   

Or write xx  as a power of e  

xxx exy ln  
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xxe
dx

d

dx

dy ln  

)ln(ln xx
dx

d
e

dx

dy xx  

)ln
1

( x
x

xx
dx

dy x   

)ln1( xxx   

20.  Find )13(log10 x
dx

d
 

Sol: 

 )13(log10 x
dx

d

 

 10ln

)13(ln x

dx

d

 

 13

3

10ln

1

x  

21. Find 
21tanh t

dt

d
  

Sol: 

 
2/1222 )1(1hsec t

dt

d
t 

 

 
t

t
t 2

1

1

2

1
1hsec

2

22 



 

 2

22

1
1hsec

t

t
t




 

Hint: 

1) )/1(hcoshsec 11 xx    

2) )/1(hsinhcsc 11 xx    

3) )/1(htanhcot 11 xx    
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22.  Find yor 
dx

dy
 )(cos)(sin 11 yxyx    

Sol: 

 
22 )(1

)1(

)(1 yx

y

xy

yyx










 

 2222 )(1)(1

1

)(1)(1 yx

y

yxxy

y

xy

yx


















 

 
2222 )(1)(1

1
]

)(1

1

)(1
[

xy

y

yxyxxy

x
y













 

 
22

22

)(1

1

)(1

)(1)(1

1

yxxy

x

xy

y

yx
y













 

 

22

22

22

22

)(1)(1

)(1)(1

)(1)(1

)(1)(1

yxxy

xyyxx

xyyx

yxyxy

y










 

 22

22

)(1)(1

)(1)(1

xyyxx

yxyxy
y






 

 

H.W Derivative 

 

1) Find 
dx

dy
for the following function 

1. xy 5csc 3/2      ans: 
x

x

x 5csc

5cot

53

5
3/2
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2. )1()3( xxy        ans: x24   

3. 
x

bax
y


       ans: 

2x

b
   

4. )ln(cosxy        ans: xtan  

5. xxy sintan       ans: xxx sectansin   

6. 
32

43






x

x
y        ans:

2)32(

1

x
 

7. 23 )
1

(
x

xy       ans:
4

5 )1(3

x

x 
 

8. 
x

x
y

cos
       ans:

2

cossin

x

xxx 
 

9. )tan(secxy       ans: xxx tansec)(secsec2   

10.  xxy sin2       ans: xxxx sin2cos2   

11.  )5(sin 21 xy       ans:
4251

10

x

x


 

12.  )
1

1
(cot3






x

x
y                    ans: )

1

1
(csc)

1

1
(cot

)1(

6 22

2 







 x

x

x

x

x
 

13.  )cos(ln)sin(ln xxy      ans: )cos(ln2 x  

14.  )
1

1
(cot 1

x

x
y




 

     ans:
21

1

x
  

15.  24tan 31   xy      ans:
24)14(

6

33

2




xx

x
 

16. 321 )13(sec   xy      ans: 
1)13()13(

18

622  xx

x
 

17. xxy 2cos2sin 11      ans: 
2

11

41

)2sin2(cos2

x

xx
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18. xy lntan 1      ans:
))(ln1(

1
2xx 

 

19.  xxy )(cos      ans: )tan2cos(ln
2

xxx
x

y
  

20.  xxy tan)(sin      ans: )sinlnsec1( 2 xxy   

21.  )5(cosh2 22 xxy      ans:
)5(cosh2

)5sinh()5cosh(52

22 xx

xxx




 

22.  )2sinh(cos xy       ans: )2cosh(cos2sin2 xx  

23.  )/1csc( xy       ans: )/1cot()/1csc(
1
2

xx
x

  

24. xxy 22 tanh              ans: )tanh2hsec(tanh 2 xxxxx   

25.  
x

xxx
y

3tancossin
ln


     ans:

xxxx

xxx

2

1

tancossin

tan3sincos
3

222





 

26.  xy sinlog4      ans:
4ln

cot x
 

27.  )( 52 xexey       ans: )(5 52

)52(
xexx eex   

28.  xxey tan2

       ans: xxexxxx tan22 2

)tan2sec(   

29.  
32csc7  xy     ans:

32

32cot32csc7ln7 32csc



 

x

xxx

 

30.  xxy cos])2[ln( 22      ans: xx
x

xx
sin)2ln(2

2

cos4 2

2



 

31.  )(tansinh 1 xy        ans: xsec  

32.  2)(ln1 xy        ans: 
2)(ln1

ln

xx

x


 

33.  x

ex

ln         ans: 
2)(ln

)1(ln

xx

xex 
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34.  )23(log2
3 xx      ans: 

2ln)23(

2
)23(log2

3

2
2

x

x
xx


  

35.  4
22

cosh2 21   x
xx

y      ans: 
42

2

x

x
 

2) Verify the following derivative 

1. 
2

2 1
6)

1
(5[

xx
xx

dx

d
  

2. )35(
2

1
)]([ 22 cbxax

x
cbxaxx

dx

d
  

3) Find the derivative of y with respect to x in the following function: 

1. 
12

2




u

u
y  and 23 2  xu     ans: 

33

22

)23(

18

x

yx
  

2. uuy 2  and 32  xu     ans: x
x

x
4

32



  

4) Find the second derivative for the following function 

1. 
3)

1
(

x
xy         ans: 

53

126
6

xx
x   

2. 
x

xy
22

2   2at x     ans: 
4

1
 

3. 0162 22  xyyxxy      ans: 2/3 x  

5) Find the third derivative of the function 3xy    ans: 
y8

3
  

6) Find 
dx

dy
 for the following implicit function: 

1. yxy 1       ans: 
xxy

y

2
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2. xy 2tansinh        ans: 
y

xx

cosh

sectan2 2
 

3. 3
5

4
2

3 
x

y
yxx     ans: 

)/2(10

453
1

222

yxyx

yxyx








 

4. 2/333 )(3 yxxy       ans: 
332

332

32

23

yxyx

yyxx




 

5. )(cos)(sin 11 yxxy  

   ans: 
22

22

)(1)(1

)(1)(1

yxxxy

xyyxy




 

6. xxyy tan)sin(2      ans: 
)cos()sin(2

)cos(sec
2

32

xyxyxyy

xyyx




  

7. yyxx  13 tan     ans: 
xy

yxy



 

2

122

1

)tan3()1(
 

 

7) Prove the following function 

1. 
dx

du
uu

x

d 2csccot   

2. 
dx

du
uuu

x

d
cotcsccsc   

3. 
dx

du

u
u

x

d

2

1

1

1
cosh


  

4.  
dx

du

uu
uh

x

d

1

1
sec

2

1




 

5.  
dx

du
uu

x

d
coshhsin   
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6. 
dx

du
uuu

x

d
cothhcschcsc   

7. 
dx

du

u
u

x

d

2

1

1

1
sinh




 

8. 
dx

du

uu
u

x

d

2

1

1

1
hsec




  


